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by HUDA S. ALSAUD

The aim of this thesis is to study approximation of multivariate functions on the
complex sphere by spherical harmonic polynomials. Spherical harmonics arise nat-
urally in many theoretical and practical applications. We consider different aspects
of the approximation by spherical harmonic which play an important role in a wide
range of topics. We study approximation on the spheres by spherical polynomials
from the geometric point of view. In particular, we study and develop a gener-
ating function of Jacobi polynomials and its special cases which are of geometric
nature and give a new representation for the left hand side of a well-known for-
mulae for generating functions for Jacobi polynomials (of integer indices) in terms
of associated Legendre functions. This representation arises as a consequence of
the interpretation of projective spaces as quotient spaces of complex spheres. In
addition, we develop new elements of harmonic analysis on the complex sphere,
and use these to establish Jackson’s and Kolmogorov’s inequalities. We apply
these results to get order sharp estimates for m-term approximation. The results
obtained are a synthesis of new results on classical orthogonal polynomials geo-
metric properties of Euclidean spaces. As another aspect of approximation, we
consider interpolation by radial basis functions. In particular, we study interpo-
lation on the spheres and its error estimate. We show that the improved error of
convergence in n dimensional real sphere, given in [7], remain true in the case of

the complex sphere.
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Introduction

The theory of orthogonal polynomials was first developed from a study of con-
tinued fractions in the 19th century. During the 20th century, many publications
about this concept have been published to meet the mathematical needs of sci-
ence. This evolution was made by many essential results and by mathematicians
such as Gauss, Jacobi, Stieltjes and Markoff. Since then, orthogonal polynomial
theory has played an important role in many applications in different areas of
mathematics and physics, and it is still an active area of research. There are many
branches of mathematics which have a connection with orthogonal polynomials.
For instance, continued fractions, moment problems, approximation theory, inter-
polation, analytic functions and many other areas which in turn are a key tool for
the analysis of many real phenomena in science and engineering. The most widely
used families of orthogonal polynomials, which are related to many branches of
analysis, include Jacobi, Laguerre and Hermite polynomials. They are consid-
ered as classical orthogonal polynomials and consequently, they are studied most

extensively.

This thesis intends to provide a theoretical framework to the classical orthogo-
nal polynomials on approximation on spheres with special attention given to Ja-
cobi polynomials and their special cases, Gegenbauer and Legendre polynomials.
They arise in the theory of orthogonal polynomials as complete orthogonal sets in
Hilbert spaces associated with particular weight functions. However, the theory of
spherical harmonic functions gives a different approach. From the point of view of
spherical harmonic theory, these polynomials arise as eigenfunctions of the Laplace
operator when it is represented in polar coordinates on the unit sphere in Euclidean
spaces. These polynomials are orthogonal with respect to inner products defined
by the integral taken over the surface of the unit sphere. This concept can be
traced back to the 18th century when the mathematician Adrien-Marie Legendre

investigated a power series for the Newtonian potential. The coefficients of the

1



Introduction 2

series are the eponymous Legendre polynomials. He worked on many areas, par-
ticularly in polynomials, number theory and elliptic functions, and his work was
impressive for many years. Later, the Gegenbauer polynomials were introduced
by the Austrian mathematician Leopold Gegenbauer (1849 - 1903). He was in-
terested in many mathematical areas such as number theory, function theory and
integration theory. Since then, spherical harmonics have become a very important
concept in many fields of science and they have a widespread application. They are
useful in physics, computer science, engineering and many other areas. They play
an important role in atomic orbital, gravitational fields, magnetic fields, computer
graphics and other different topics. The study of spherical harmonic functions
in a complex vector space was developed by many theorists and analysts in the
late 60’s. Particularly, Koornwinder [29] studied functions on the unit sphere in a
complex vector space with Hermitian inner product. He studied the finite dimen-
sion space H(m,n) of spherical harmonic polynomials on the complex unit sphere
S?1(C) which are homogeneous of degree (m,n). He also presented the explicit
expression for the zonal functions in the spaces H(m,n) in terms of Jacobi poly-
nomials. Specifically, he shows that the zonal function in H(m,n) is a multiple

of
B (2) = €779 (cos )™ PYO2IM= (005 26) . 2 € STY(C), (1)

where (z,e1)¢ = € cosf, and m A n = min(m,n). Here P\*” i > 0, are the

Jacobi polynomials which satisfy

1
[ = s PP s = 0, it

1

On the other hand, Rudin [48] shows that the space H,,, of homogeneous complex
valued spherical harmonic polynomials on the unit sphere S¥~*(R) of degree m +n

is a direct sum of the pairwise orthogonal spaces H(m,n).

This work concerns approximation theory on spheres. The objective of this thesis
is to study different aspects of spherical approximation. The first part is devoted
to study and development of a Jacobi generating function and its special cases. In
fact, these generating functions have been proved in many different ways. Some
mathematicians prove it as a potential function, and some others use algebraic
properties of orthogonal polynomials to prove it (see for example MacRobert [41]

and Szegd [55]). The well-known generating function for Gegenbauer polynomials
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18

(1+ 7%= 2rcos 9)_/\ = ZT”CS‘)(COS g), 0<r<l, (2)
n=0
where, for A > —1/2, C} = cPT(L’\_l/Z’)‘_l/Q), for a constant cand n =0,1,---. The

standard proof of (2) such as presented in [55] is analytic in nature, and offers
little understanding why such a formula might be true. One of the goals in this
thesis is to provide a more geometric proof using the harmonicity and symmetry
of the potential

flrix) =z —rt]|~*2, 0<r<l,

in R%, where z,t € S“"!(R) the unit sphere of R?. We interpret z as the fixed pole
of SY(R), and if we write cos = (x,t)r then

frt)=(1+r" - 2T’COSQ)_>\,

where A\ = (d — 2)/2. To generalise this geometric proof to the Jacobi generating
function, we first present Jacobi polynomials (zonal functions for projective spaces)
as spherical averages of Gegenbauer polynomials, the zonal kernel for the real

sphere,

N1/ 1 s
éQi—l(R) 02)\71 (<t§7 n>R) du%(n) = WQj_Qmeé)\ 1) (2t2 — 1)

where ¢ = (1,0,---,0) belongs to the unit sphere S¥~!(R) with respect to the

Lebesgue measure pp; on S%~1(R).

In the case of the circle it was pointed out to us by Koornwinder [30] that we would
obtain the generating function formula in Koekoek and Swarttouw [28, 1.8.13].
The key results of this part are a new way of proving the generating function
formulae for Jacobi polynomials using this formula. This integral formula, was
new to us and we arrived at it after studying the zonal kernel function in the
complex projective space and the real space. Later, we found out that this result
has been proved before by Dijksma and Koornwinder [15]. They proved an integral
representation for the product P (1 —2s2) P (1-2¢2) in term of Gegenbauer
polynomials. However, this approach inspired a new presentation of this generating

function formula which is of a geometric nature. This Jacobi generating function
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formula is given by:

—a—f-1 a+fB+1 a+p+2 2t(z + 1)
(1+1) F( SR 5 , B+1, W)
Z (a + 5 + P,gaﬁ)(x)t". (3)

Here F'is the Gauss hypergeometric function.

We will show that the generating function side of (3), when o € N, § =0, can be
written as a Legendre polynomial (a Gegenbauer polynomial with A = 1/2). We
will extend this result to a more general case and prove that the generating function
side of (3) can be written in general in term of associated Legendre functions of

the first kind P*(z).

The best m-term approximation of ¢ in the Banach space X by the subspace
E(Qn) = lin{&, }7*, where Q,, := {ky < --- < ky,} C N, with regard to a dense
subset = := {& }ren of X, is defined as

vn(6,5.X) = infintlo—¢]lx.

This method is a nonlinear method of approximation. In m-term approximation
the selection of elements in the approximation depends on the function that is
being approximated and it depends on only the number of the element to be used
and it does not recognise these frequency locations. This type of approximation
has been introduced by Schmidt (1907), then studied by Oskolkov (1979) for mul-
tivariate splines. During recent years m-term approximations and n-widths have
become very popular in numerical methods for PDEs. Also, the idea of so-called
greedy algorithms has been inspired by m-term approximations (see e.g. [13] and
[57]). One of the central problems of nonlinear approximation is to determine
the approximation space, which is the space of all functions which have a specific
approximation order (see e.g. [13] and [14]). Another challenging problem in this
field is to estimate the rate of approximation for certain classes of functions and
to determine the best m-term approximation. In the second part of this thesis,
which includes joint work with Professor Alexander Kushpel, a new element of har-
monic analysis on the complex sphere is developed. We establish Jackson’s and
Kolmogorov’s inequalities and use these results to get error estimates for m-term

approximation of functions belonging to Sobolev’s classes.
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The last method of approximation we consider in this work is radial basis inter-
polation on complex spheres. Recently, radial basis functions have been found
to be a widely successful tool for multivariable interpolation of data. We intend
to establish a theoretical foundation for interpolation by radial functions, and in
particular, the error f — s x between a function f in the native space of a positive
definite kernel and its interplant s; x on a set Q C R?. Schaback [50], improved the
well known approximation order by requiring more smoothness for the function f.
He shows that for a suitable subspace of the native space the approximation order
can be doubled. The authors in [7] adapted Schabacks error doubling trick to give
error estimates for radial interpolation of functions which have less smoothness
than Schaback requires. Their results are based on using a pseudo differential
operator and estimate errors in pseudoderivatives of solutions to the interpolation
problem. Considering the space C¢ as a 2d-dimensional real vector space, we will
generalise the improved error for radial interpolation given in [7], which consider
the real sphere, to the complex sphere. Thus the process given here is similar to
a large extent to those in the real sphere case, with simple changes occuring due

to using Bernstein’s inequality in the complex sphere.

This work has been divided into six chapters;

e Chapter 1 briefly presents some background material which will be required

in the next chapters. It does not contain any original work.

e Chapter 2 deals with orthogonal polynomials and classical orthogonal poly-
nomials as a special case. The third section concentrates on these polyno-
mials from the theory of a linear operator approach. In the last section we
present a proof of Gegenbauer’s generating function using Maclaurin series.

The point of this proof is just to show how to prove it in analytic way.

e The first three sections of Chapter 3 are devoted to studing the theory of
spherical harmonic functions with special emphasis on Gegenbauer polyno-
mials. However, our purpose is not only to give a general description of
spherical harmonics, but also to set the essential results which are the ba-
sic tool in our discussion in the next chapters. In Section 4, we present a
geometric proof of Gegenbauer generating functions using their harmonicity

and symmetry properties.

e Chapter 4 contains a study of the zonal spherical harmonics in a complex

vector space which is given in the first section. Section 2 shows an integral
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formula of the zonal spherical harmonics which will be used to give a new
proof of a well known Jacobi generating function in section 3. In the last
section a new presentation of the Jacobi generating function in terms of

associated Legendre functions will be given.

e In Chapter 5 we turn our attention to m-term approximation. A general
overview will be given in the first section and the error estimate will be

proved in the second section.

e The last chapter looks at applications of the earlier developed theory. The
first three sections give a short overview and survey about interpolation by
radial basis functions. In Section 4 we show the improved error bound of

radial interpolation on the complex sphere.



Chapter 1

Background

This introductory chapter reviews some material on inner product and Hilbert
spaces and then discusses briefly some results in the concept of differential and
integral calculus. The last section deals with some famous polynomials inequali-
ties which have an important role in our work in Chapter 5. The inner product
induces a norm which defines a metric space that could be a Hilbert space. Linear
operators, and particularly self-adjoint operators, play an important role in the
spherical harmonic concept which have been treated in the third chapter. The
inner product can be used to introduce the concept of orthogonality of vectors,
which is relevant to orthogonal polynomials. We are concerned partly with the
classical orthogonal polynomials. These polynomials satisfy many properties with
respect to Lo norms. In what follows, general definitions and basic properties will
be discussed and the orthogonal systems will take most of our attention. However,
we limit the selection to the material which is needed later and for more details
we refer the reader to [2], [18], [19], [20], [10], [11], [21], [27], [31], [53] and [60].

1.1 Hilbert Spaces and Linear Operators

1.1.1 Hilbert Spaces- Definition and Examples

An inner product on a complex vector space V' is a function (-,-) from V x V to

C that satisfies the following axioms for all v, v and w in V" and all scalars k € C:
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1. {u,v)=(v,u);

2. (u+v,w)=(u, w)+{v, w);

3. (ku,v)=Fk (u,v);

4. (v,v) 2 0 and (v,v) =0 if and only if v =0 .

From the definition we can deduce that (u,u)=(u,u), which means that (u,u) is

a real number for all u in V. Moreover, it follows from (1) and (3) that

(u, kv) = (kv,u) = k(v,u) =k (u,v) .

A vector space V' with an inner product is called an inner product space, and the

norm is defined as ||-|| = (-, -)%.

Example 1.1.

1. The space C? of ordered d-tuples x = (x1,--+ ,1q) of complex numbers, with

the inner product defined by

d
(T, ¥)c = Z TkYk,
k=1

18 an inner product space.

2. The space (* of all infinite sequences of complex numbers v = (x1, T, ")

such that 3., |x,|> < oo with the inner product

o0
n=1
18 an inner product space.

3. Let w be a nonnegative integrable function in Lebesgue’s sense on [a,b]. Let

Ly ([a,b] ,w) be the space of equivalence classes of measurable functions for

which A
(/ |f(x dx) 2 < 0.

Then Ly ([a,b] ,w) is a vector space with the inner product

s = [ ST, (L)
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and then the norm of a function f is given by

1 ooy = U Dt (/ e )

Definition 1.1. A normed space is a vector space equipped with a norm | - || :
V' — R that satisfies the properties:
L. ||z|| 2 0 for all z € V, and ||z|| = 0 if and only if z = 0;

2. |az|| = |a|||z|| for all & € R and all z € V;

3. [l +yll < |zl + llyll for all 2,y € V..
Definition 1.2. A metric on a set X is a function d : X x X — R satisfying the
following properties:

1. d(z,y) > 0 and d(z,z) =0 for all z,y € X;

2. d(z,y) = 0 implies z = y;

3. d(z,y) =d(y,z) for all z,y € X;

4. d(xz,y) < d(z,z) +d(z,y) for all x,y, z € X.
If d is a metric on a set X, then the pair (X, d) is called metric space.

The following theorem gives the most important properties of inner product spaces.

Theorem 1.1. If (V,(:,-)) is an inner product space equipped with the norm ||-|| =
(-, .>% and A € C, then for all f, g€V,

LA =0, [f]l = 0 if and only if f = 0;

2 AFI = IAHLAL
31l < fIHgll, Cauchy-Schwarz Inequality;
4 f+gll < NI+ Tlall, Triangle Inequality;

5N+ gl +IIf —gll> =20F17 +21lg]%, Parallelogram Law;
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6. The functiond:V xV — R defined by

d(f,g9) = IIf —gll,

1S a metric.
Definition 1.3. Let (X, d) be a metric space.
1. A sequence (z,) in X is a Cauchy sequence if, for every € > 0, there exists
an integer ko such that k, I > ko implies that d(zy, ;) < e.

2. (X,d) is a complete metric space if every Cauchy sequence in X converges

to a limit in X.

Definition 1.4. 1. A Hilbert space is an inner product space which is a com-

plete metric space with respect to the metric induced by its inner product.
2. A Banach space is a normed space that is also a complete metric space under

the metric induced by its norm.

One of the most important example of Hilbert spaces is the space of Lebesgue
square integrable functions which is described in the following example (see e.g.
[25]).

Example 1.2.

1. The space Ly ([a,b] ,w) with the inner product

([ 9) Lo ((abw / f(t)

18 a Hilbert space.
2. OnC ifx = (x1,- ,2q) and y = (y1,- - ,yq) belong to C¢, then
d d 3
_ 2
(@) =D ol 7] = [Z || ] 7
k=1 k=1

is an inner product and ((Cd, (- ~>(C) is a Hilbert space.
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An example of an inner product space which is not a Hilbert space is the space

C'[0, 1] of all continuous functions on the unit interval with the inner product

(f,9)= /O f(t)g(t)dt.

To show this consider the following sequence of functions in C10, 1]:

1, 0<z<1/2,
ful@) =4 1—2n(z—1/2), 1/2<z<1/(2n)+1/2,
0, 1/(2n)+1/2 <z < 1.

Then ||f, — full < (1/n+1/m)"* — 0 as m,n — oo. Thus {f,} is a Cauchy

sequence. It is easy to check that the sequence has the limit

1, 0<z<1/2,
flz) =
0, 1/2<z<1,

which is not continuous (see e.g. [25]).

Definition 1.5. Let 1 < p < co. Then the fP-norm of a sequence x = (x,,)2° in

R is defined by
1
lllp = {Z !xn!”} :

n=1

The || - |[|so-norm of z = (z,,)52, is defined by

[#]|oc = sup [zn|.
neN

The space 7, 1 < p < 00, is defined as the space of all sequence x = (z,)32, in R

such that ||z, < oo.

Theorem 1.2. (Hélder’s Inequality)
Letp>1,q>1and 1/p+1/q = 1. For any two sequences of complex numbers
{z,} and {y,} we have

e8] 00 % 0 %
S lont < (Sbr) ()
n=1 n=1 n=1
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Theorem 1.3. (Minkowski’s Inequality)

Let p > 1. For any two sequences of complex numbers {x,} and {y,} we have
1 1 1
00 p o P 00 D
(Z |zn + yn|p> < (Z |xn|p> + (Z |yn|p> .
n=1 n=1 n=1

1.1.2 Orthogonal and Orthonormal Systems

Definition 1.6. A collection of vectors {v; : i € A C Z} in an inner product space
(V,(-,-)) is said to be orthogonal if

<Uiavj> = 07 Za] € A> i 7&]7
and called orthonormal if in addition to being orthogonal

<UZ‘,'UZ'> = 1, 1€ A.

Example 1.3.

1. In 0%, {e,}.2, is an orthonormal sequence, where e, is the sequence in (*

having 1 in the nth place and zeros everywhere else.

2. In Ly([—m, 7], 1), an orthonormal sequence is {ey}, ., where e,(t) = (2m) "1/ gint

since

I . 1, if n=m,
<€n7 €m>L2([—7r,7r],1) = %/ e ( )tdt = {

. 0, otherwise.

Theorem 1.4. (Pythagorean Theorem)
Let (V,{-,-)) be an inner product space and x,y € V. If x and y are orthogonal,
then

lz + yl* = llll* + lly]*-

In general,
k 2 k

2
2 eaf =2 Ml
n=1 n=1

whenever {x1,--- ,x} are orthogonal vectors.
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Proof. Let x and y be any orthogonal vectors, then from the definition of the norm

we have
|z +ylI” = (@ +y.z+y) = z]*+ [yl* + 2 (z.y) = [lz)* + |yl*,

which completes the proof. O]

Theorem 1.5. (Bessel’s Inequality) If {e,}, oy is an orthonormal sequence in an

inner product space V', then for any x € V,

00 2 00
=Y (ven)en| = lal® =D [z, en)l
n=1 n=1

and

Definition 1.7. If {e,}, ., is an orthonormal sequence in a Hilbert space H then,
for any x € H, (x,e,) is the nth Fourier coefficient of x with respect to {e,}. The

Fourier series of x with respect to the sequence {e,} is the series > ., (z,e,) €.

Let V be a vector space and let S = {vy,---,v,} C V. The subspace W of V
consisting of all linear combinations of the vectors in S is called the space spanned

by vy, va, - -+ , Uy, and we write

W = span (5) = {Zcm D¢ € C} )
i=1

Theorem 1.6. Let eq,--- ,ex be an orthonormal system in an inner product

space V' and let x € V. The closest point y of span{ey,--- ,ex} to x isy =
22:1 (x,e,) en.
Theorem 1.7. (Riesz-Fischer)

Let {en},en
N. Then 32°° e, converges in H if and only if 3250 [\a|* < 0o, and in that

case

be an orthonormal sequence in a Hilbert space H and let \, € C, n €
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Note that Riesz-Fischer theorem and Bessel’s inequality prove that the Fourier
series converges for each x € V', but they do not guarantee that it converges to x

itself. To prove this result we need the following definition.

Definition 1.8. An orthonormal set {y,} , is complete in a Hilbert space H if
whenever

<$7yn> :07 n = 1727"' )
for an element x in H, then x = 0.

Theorem 1.8. Let Y = {y,},, be orthonormal set in a Hilbert space H. Then

o0

Y is complete if and only if for any x € H, x =Y ", (T, Yn) Yn.

Proof. Suppose {y,} -, is complete, and let z =z — >~ (z,y,) yn. Then

<Zvyj> = <l’ - Z <$,yn> ymyj>

n=1
= (z,y5) — (@, y) llys1?
= 0 for allj=1,2,---

o0

Thus z = 0 and hence z = Y~ | (2, y») yn. Conversely, suppose z = >~ (%, Yn) Yn
for any x € H. Then if (w,y,) = 0 for all n we have w = 0 and then {y,},., is a

complete orthonormal set. O

Theorem 1.9. (Parseval’s Equality)

{yn}n21 18 a complete orthonormal set in a Hilbert space H if and only if for any
2 o) 2
veH, ||z =300 Kz, un)l™

Definition 1.9. A finite collection of vectors {z1,--- ,z,} is called linearly inde-
pendent if ayx1 + - -+ + a,z, = 0 only if a; = -+ = a,, = 0. An infinite collection
of vectors is called linearly independent if every finite subcollection is linearly

independent.

Theorem 1.10. 1. Ewvery finite orthogonal set of nonzero vectors is linearly

independent.

2. If {x1,x9,---} is an infinite orthogonal set of nonzero vectors in a Hilbert

space, and Y "y, =0, then a,, =0 for alln =1,2,---.
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Proof. Let {z1,x2, - ,xn,} be any orthogonal set. If we have Y "  a,z, = 0,

then for j =1,2,--- ,m,

m
0= <Zx> = a; [la])%

n=1
Thus a; = 0 for all j = 1,---,m. For (2) suppose we have a set {x1,22, -}
of orthogonal nonzero vectors in a Hilbert space H, and Z:;O:l a,r, = 0. Then
{”i—i”, -+~ } is an orthonormal set and
(o) xn
D anflzall et =0
n

n=1

Then by the Riesz-Fischer Theorem we get

[e'S)
0= Janl* zul?.
n=1

Thus a; =0 foralli =0,1,--- . O]

In general, if S = {vy,vq, -+ ,v,} is an orthogonal collection of nonzero vectors
then S is linearly independent and it can always be converted to an orthonormal

set by multiplying every vector by the reciprocal of its length to obtain a vector

U1 V2 Un,
- { }
ol flozll ™ " lleall 7

is an orthonormal set. The following theorem shows that any linearly independent

of norm 1, i.e. the set

collection of vectors can be orthonormalized. This is called The Gram-Schmidt

Process.

Theorem 1.11. (Gram-Schmidt)
Let (V,(-,-)) be an inner product space with norm ||-|| = (, ->%. Suppose {v,}
1s a linearly independent collection of vectors in V. Let

U1

U = ——
F
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and let

tn
tall

tn =Up — <'Un7uk> Uk, Up = ||
k=1

Then {uy,},-, is an orthonormal collection, and for each n,

span {uy, Uz, -+, Up} = span {vy, v, -+, Un} .

1.1.3 Operators-Definition and Examples

This section is devoted to studying the linear operator in Hilbert spaces, with
more attention focussed on an important class called the self-adjoint operators.
Consequently, in the following subsection we consider the concept of eigenvalues
and eigenfunctions of linear operator. These concepts play an important role in

the theory of orthogonal polynomials which are discussed in the next chapter.

Definition 1.10. If X, Y are vector spaces over a field K, a linear operator from
X toYisamap T : X — Y such that,

T(Az + py) = AT (x) + pT(y),
forall \, p € K and all z,y € X.

If X, Y are normed spaces, a linear operator 7' : X — Y is said to be bounded if
there exists M > 0 such that

[Tz| < Mzl Vo e X,

and we denote the collection of bounded linear operator on a Hilbert space H by
ly.

Definition 1.11. Let T be a linear operator which maps a normed space X into

another normed space Y. We define the operator norm of T, ||T’||, by setting

1T = 1Tlxoy = sup [[Tlly;

llzll x <1
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or
1T = inf {M : | Tzlly, < Mllz]x,forall zc X}.

From the definition we can see that ||[Tz| < ||| ||z|| whenever T' is a bounded

operator. Consequently, if 7" and S are two bounded operators then
[TSz|| < ||/ 1S < TSI ]l

thus [[TS[] < [T/ |S]-

Example 1.4. These examples are given in [11] with more details.

1. Differential Operator:
The differential operator is given by
df (x) _

(Df) (@) = T2 = f (a)

defined on the space of all differentiable functions on some interval [a,b] C R.

2. Integral Operator:
A integral operator with a kernel k(-,-) is defined by

@ﬂ@z/kﬁmm%

where a and b may be finite or infinite. The domain of an integral operator

depends on k.
Theorem 1.12. (Riesz Representation theorem) Let H be a Hilbert space. For

any bounded linear functional K : H — C there exists a unique element y € H
such that
K(x) = (x,y), forallz € H.

Definition 1.12. 1. Let H be a Hilbert space and let T': H — H be a bounded

operator. We define an operator T* as follows,
(Tz,y) = (z, T"y), forallz,y € H.

T™ is called the adjoint of T

2. Let T be a bounded operator in a Hilbert space H. T'is called Hermitian or
self-adjoint if T' = T™.
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The existence of T™ is guaranteed by the Riesz Representation theorem, and it is

unique. To show this fix y € H and let K, : H — C be a map defined as

Ky(z) = (Tx,y).

Since K, is linear functional, by Riesz Representation theorem there exist u € H
such that
Ky(z) = (r,u), Vo e H.

Put T*(y) = w then (T'z,y) = (x,T*y). For the uniqueness suppose that there
exist 77" and T3 such that

(Tw,y) = (x, TTy) = (z, Tyy), Ve,y e H.
Hence

(z,T{y —T3y) =0, Va,y € H.

This implies
for all y in H and then 77 =T5.
For each self-adjoint operator there are three ways to compute the operator norm
which are given in the following theorem.

Theorem 1.13. Let H be a Hilbert space. Let T' be self-adjoint in Ly. Then ||T|

can be computed from any one of the following:

[T .
]l 7

L [T = sup,4
2. TN = supygp= [ T]];
3. TN = supjg= [{Tz, 2) |

Theorem 1.14. Let H be a Hilbert space. Let T and S be in y. Then

1. T* and S* are bounded.
2. (T*)*=T.
3. (T+S8) =T+ 5"

4. (TS)" = S*T*.
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5. I" =1, O* =0 (The identity and zero operator).

6. T =7~

7| TT|| = |T*T| = |T|.

8. T*T =0 if and only if T = 0.

9. If T and S are self-adjoint operators then T + S is self-adjoint.

10. If'T is a self-adjoint operator then a, T" +---+a, T + aqg is self-adjoint when

a; are real coefficients.

11. If T and S are self-adjoint operators then T'S is self-adjoint if and only if
TS =ST.

Proof. We will prove some of the results and the rest of them are similar.

(1) By Cauchy-Schwarz’s inequality, for any x,y € H we have
(T2, y)| = Ko, Ty)| < =l |1 Tyll < [l [yl 1T]
and hence for y = T*x we obtain
|T||* = (T", T"z) < |T| ||| | T"||.
Consequently,
[T7]| < [T ||l (1.2)

and hence T™ is bounded operator.

(3) Let z € H. Then
(2, (T" + 5%)y) = (&, Ty + 5*y) = (x, T"y) + (x, 57y)

= (Tv,y) + (Sz,y) = (T + S)x,y) .

Thus (T'+ S)* =T + S*.
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(6) From (1.2) we have
el =

thus || T*|| < ||T||. Use T* instead of T', which gives
1T = 1) < 1T

Thus |7 = [[77]].

(7) From the (1.2) and (6) we get
7T < | T*HT) = 1T
On the other hand, for every x € H we have
|T2|* = (T2, Tx) = (T"Tw,x) < |T*Te||[|lz]| < |TT]| [|=]*.

Thus || 7°T| = ||

1.1.4 Eigenvalues and Eigenvectors

Definition 1.13. Let T be a linear operator in V', and let A be a scaler. We say
that A is an eigenvalue of T if there is a nonzero vector x € V' such that Tz = Ax.
The vector x is called an eigenvector associated with A. If V' is a function space,

eigenvectors are often called eigenfunctions.

Theorem 1.15. Let T be a self-adjoint operator on a Hilbert space H. All eigen-
values of T are real, and eigenvectors of T corresponding to distinct eigenvalues

are orthogonal.

Proof. Suppose that X is an eigenvalue of T" and u is the corresponding eigenvector.
Then

(u, Tu) = (Tu,u),

so that
(u, \u) = (Au, u) .



Chapter 1. Background 21

Thus

Au,u) = A(u,u) .

Since (u,u) # 0, we have A = ), so that A is real. Next let u and v be two

eigenvectors corresponding to distinct eigenvalues A and . Then we have
Av,uy = (v,Tu) = (Tv,u) = 5 {v,u).

Hence (A — ) ({(v,u)) = 0, and since A # § then (v,u) =0 . O

Theorem 1.16. The collection of all eigenvectors corresponding to one particular

eigenvalue of an operator is a vector space.

The vector space corresponding to an eigenvalue A is called the eigenspace of \.

1.2 Differential and Integral calculus

The Lebesgue measure has played a fundamental role in this thesis and many
results have been provided by it. Hence, we briefly describe the main idea and
results about the Lebesgue measure and integration and L, spaces. We also sum-

marise the main properties of these concepts and state them without proof.

1.2.1 Lebesgue Integral on the Euclidean Space R

We begin with some preliminary structure and several notations. The Euclidean

space R? is an inner product space with the inner product defined as
(T,9)r = 2191 + Toy2 + - + Taya,
and then the norm (or length) is given by
lzll = (a1 + 23+ +2) "2

We also have

(@, y)r = [l [lyll cos ¥
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where 1 is the angle between x and y.

The unit ball in R? is defined by

By={z eR*: ||z|| < 1}.

The set of all vectors of length 1 is called the unit sphere, in other words, the unit
sphere SY71(R) is defined as

S R) = {v e RY: o] = 1},

and we call any vector v € S¢"1(R) a unit vector. Furthermore, for any vector
v €RY z/||z]| € STHR). A set K C R?is said to be convex if for any two points

x and y in K, the line segment joining them is contained in K.

Now we will follow [25] to define the Lebesgue measure j14 in R¢, which will happen

in six steps.

Stepl. Let R be the set of all rectangle subsets of R? which are of the form

I = [al,bl] X e X [ad,bd]

= {z € RYa; <z <byfor 1<i<d}.
Then define
pin(I) = (by — a1) - - (bg — aa),

and if I = 0 let puq(I) = 0.

Step 2. Let © be the set of all finite union of sets belonging to R which have
nonempty measure. To measure a set P € O first write it as a finite union of

nonoverlapping (i.e., their interior are disjoint) rectangles
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Then define i
pa(P) = pa(Ly).
n=1
This definition is well defined since each set P belongs to © can be expressed as

a finite union of nonoverlaping rectangles, and the expression defining p4(P) is

independent of the particular expression for P. For the proof of these facts see

([25]).

Step 3. Let G C R? be an open set and G # (). We define
pa(G) = sup{pa(P) | P C G, P € O}.

This is well defined since each nonempty open set has nonempty interior, and

hence it contains a polygon.

Step 4. Let K C R? be compact (closed and bounded) set, then the measure is
defined as
pa(K) = inf{uq(G)| K C G, G an open set}.

To complete defining the Lebesgue measure we need the following definitions.

Definition 1.14. Assume A C R? is an arbitrary set. Then define

us(A) = inf{us(G)| A C G, G open set},
pax(A) = sup{ua(K)| K C A, K compact set}.

The functions ) and j14. are called Lebesgue outer and inner measure, respectively.

Step 5. Let F; be the set of all subsets A of R? of finite outer measure such that
wi(A) = pa.(A). If A € F; then define the measure as

pa(A) = pas(A) = pg(A).

From the above definition we notice that all open and compact sets of finite outer

measure belong to Fy.

Proposition 1.1. 1. If A, B € F,, then also the sets AUB, ANB and A— B
belong to Fj.
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2. If A and B are in F; and disjoint then
(AU B) = pa(A) + pa(B).

3. If A, € Fy forn=1,2,---, and A = U2 | A,, with 1;(A) < oo, then A € Fy

and

na(A) <) palAn)-

In addition, if A,, are disjoint, then

pa(A) = Z fa(An).

Step 6.

Definition 1.15. Let A € R?. Then A is called a measurable set if for any
M e Fy,
ANDM € Fy.

The set of all measurable sets in R? is denoted by Jy. For a set A € 3 we define

the measure
pa(A) = sup{pa(ANM)| M € Fy}.

Since measure theory extended the notions of length and volume to a large class
of sets, some authors called the above measure a volume and denoted by |A| or
Vol 4(A). This terminology generalises the concept of computing the volume in

three dimension to higher dimensional FEuclidean spaces.

Proposition 1.2. 1. If A € 3y then A° € 3y.

2. Countable unions and countable intersections of measurable sets are mea-

sureble.

3. If the sets Ay, As, - - - belongs to Sy then

pa (2 An) < a(An).
n=1
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In addition, if A,, are disjoint, then
pa(A) = pa(Ay).
n=1

4. All closed and open sets are measurable.
5. If i (A) = 0 then A is measurable and pq(A) = 0.

6. If A CRY yc R and 0 < t < oo, then the following statements are

equivalent

o A is measurable,
o y+ A= {y+ x| x e A} is measurable,

o tA={tx| z € A} is measurable.

If A is measurable then

pa(A+y) pa(A),
na(tA) = t"pg(A).

7. If C is an d x d matriz and A C R? measurable then CA = {Ca : a € A} is
measurable and

pa(CA) = |det (C)|pa(A).

8. If E CR? and F C R? are Lebesque measurable sets, then E x F is Lebesque
measurable and jigq(E X F) = pig(E)pa(F).

The above properties show some geometrical properties of Lebesgue measure. It is
invariant under translation, reflection and rotation, since any reflection and rota-
tion can be represented by an orthogonal matrix which has determinant 1 or —1;

see Section 3.2 for the definition of orthogonal matrices.

In order to define the Lebesgue integral we have to define a large class of functions,

called measurable function, that can be treated in the integral.

Definition 1.16. 1. Let f be a real valued function on RY. Then f is a
Lebesgue measurable function if and only if for any ¢ € [—o0, 00| the set

S7Y([t, 00]) belongs to Jy.



Chapter 1. Background 26

2. If f is a complex valued function on R?, then f is measurable if its real and

imaginary parts are measurable.

Proposition 1.3. Let f and g be Lebesque measurable, then

1. If f #0, then % 1s Lebesgue measurable.
2. |f|P is Lebesgue measurable, where 0 < p < 00.
3. f+g and fg are Lebesgue measurable.
4. Let f, be Lebesgue measurable functions for all n = 1,2,--- . Then all the
following functions are measurable,
sup fn, inf f,, lim sup f,, lim inf f,,
n n n—r00 n—r00

lim f,,if it exists.
n—oo

5. The functions

by [ @ when f@) >0
YT 0, when f(a) <o,

- 0, when f(x)>0,
f-( )—{ —f(z), when f(x)<0,

are measurable.

Now, the Lebesgue integral can be defined. First define the integral of a simple
function and then the integral of any measurable function by using approximation

by simple functions.

Definition 1.17. Let S be the set of all simple functions given by

m
S - E aTLXAn?
n=1

where 0 < «,, < 00, the sets A,, are disjoint and x4, is the characteristic function

of the measurable set A,,. Then define the integral of s as follows

/Sdud = Z anud(An)
n=1
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For any measurable function on R?, the Lebesgue integral denoted by [ fduq is a

number given in the following definition:

Definition 1.18. (i) Let f be nonnegative measurable function on R?. Then

/}@m:mm{/s@mzsgﬁses}.

(ii) Let f be a real valued measurable function. If f, and f_ have finite integral,

then f is said to be integrable and its integral is given by

/MM:/ﬁ%ﬁ/ow

The set of all integrable functions on R" is denoted by L;(R").

(iii) Let £ C RY be a measurable set and let f be a measurable function. The

integral of f over the set F is defined as

[E fina= [ Feda

An important fact about the Lebesgue integral is that the integral over a set of
measure zero is zero. In other words, any two functions f and g which coincide
except on a set of measure zero have the same integral, and this is clear from the
definition. In general, we write f = g a.e., when f equals g except on a set of

measure zero.

Proposition 1.4. Let f and g be measurable functions.

1. If f € Ly(R?) then | f| € Li(RY), and | [ fdpual < [ |fldpa -
2. If g belongs to L1(R?), and |f| < |g| then f € Li(R?).

3. If f,g € Li(RY) and a,b € R, then af + bg € Li(R?) and
Jar+v9dna=a [ sana+s [ gda

In order to differentiate under the integral sign, we shall need the following result.
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Theorem 1.17. Suppose f : RY — R is continuously differentiable, and that
g : R? — R is defined by

by
g<x17 o 7xd*1) = f(xh' o 7l’d)dl’d.
aq

Then g is continuously differentiable, and for j=1,--- ,d —1,

o9 _ (" of
a—xj —/a a_l‘j(l‘lj“‘md)dl‘d‘

d

Since our approaches consider approximation on a sphere from a geometric point of
view, we will use the notation Vol 4(A) for the measure of the set A. The following

theorems provide us with some interesting inequalities about volumes which can

be found in [8] and [46].

Theorem 1.18. Let A, B be two compact subsets of R Then for all X € [0,1]
we have
Vol 4(AA + (1 — A\)B) = Vol 4(A)*Vol 4(B)' ™,

and

(Vol4(A + B)) > (Vol 4(A))d + (Vol 4(B))4.

The next theorem requires some definitions which can be found in [1]. A set B is
called centrally symmetric set if B = —B. Now we need to define the polar set of

a set which is a subset of R?.

Definition 1.19. Let K C R be a convex, centrally symmetric and compact set.
Then the polar set K is defined as K°:= {z € R?: |(z,y)| < 1,y € K} .

Theorem 1.19. (Urysohn’s Inequality)
Assume that K is a convex, centrally symmetric and compact subset of R, and

let
|z ko = sup{(z,y) ,y € K}

for all x € RY. Then

Vold(K))cll /
— ] < x| godpg(x
(VOld(Bd) . 2| odpa()

where ST1(R) is the unit sphere in R and duq its normalised area measure.
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Proposition 1.5. 1. If A is a nonempty bounded subset of R, then

A° = {m e R%: sup |(z,2')] < 1}.

€A

2. If AC B, then A° D B°.

8. If e #0, then (eA)” = LA°.

4 NA? = (UA)”

5. Let A be conver, closed and circled (i.e. for any x € A and any |a| < 1 then

ar € A), then A = A%.

Theorem 1.20. (Bourgain-Milman Inequality) If K is a convex centrally sym-

metric bounded set in R, then there exist a constant ¢ > 0 such that

Vol 4(K) Vol 4(K°) > ¢™(Vol 4(By))>.

Before we embark on the study of spherical harmonic functions, we need some

results about the unit sphere and polar coordinates in n dimensional Euclidean

space. We will consider little detail, those of which we need later. The polar

coordinates in R%, r, 9y, 05, - -

€
X2

xs3

Ti—2
Ld—1

Zq

-, U492, ¢, are defined by

rcos
7 sin ¥ cos

r sin ¥ sin ¥, cos 3

rsint sindy - - - sind,_3 cos Y4_a
rsindy sindy - - - siny_s cos ¢

rsindy sindy - - - sin ¥y sin @

where r > 1, ||z =rand 0 < ¢, <7 (1 =1,2,--- ,d—2), 0 < p < 27.
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It is well known that the Lebesgue integral can be computed as (see e.g. [19] and

25) o
/fdud:/_oon-/_oof(xl,...,xd)dxl---dxd.

The d-dimensional volume element in polar coordinates is given by
dv = r* 1 (sin )2 (sin9) 73 - - - (sin Vg_s)drddy - - - d¥q_odip,
and the surface element dpuy on the unit sphere becomes
dpg = (sind1)?2(sin )43 - - - (sinWg_o)dW; - - - d¥g_odp. (1.3)

A function which is defined on S¥~1(R) can be considered as a function of 91,9, - - -,
¥4_9, and ¢. Consequently, the expression de_1 ®) fdug denotes the (d — 1)-tuple
integral of the variables 1,9, -+ ;¥4 9, ¢ and dug the corresponding expression
from (1.3).

It well known that the Lebesgue measure of a ball B"(z) of radius r and centre x
is
od/2pd rd

= ard)) = Eﬂd(gdil(R)%

pa(B' (x)) = rpa(B'(0))

where wy = (S H(R)) = I?&d//;), is the area of the unit sphere in RY. Here the

notation I' represents the Gamma function, which may be defined by any of the

following equivalent expressions:

[e) 1
F(z):/ e_ttz_ldt:/ (log1/t)*~ " dt,
0 0

I(z) :T}Eﬂlo 2(z + 1?% (z+n) B Zlﬁ KH%)z (1+§>_1} '

n=1

There are many functional equations satisfied by I'(z), for example

1. I'(1 4 2) = 2I'(2),

and hence if n is a positive integer, we get I'(n + 1) = nl.

2. %:(2—1)@—2)---(2—71).
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3.T(1) = [ e tdt = 1.

1.2.2 The Lebesgue Spaces L, in R4

In this section we will concentrate on certain Banach spaces of measurable func-
tions called L, spaces. The basic structural facts about these spaces will be dis-
cussed here, and only those properties and inequalities that are extremely useful
in this work. The Ly space in a finite interval has been mentioned before. Here

we will deal with a generalisation of this space.

Definition 1.20. Let A be a subset of R". We define L,(A) for 1 < p < oo to be

the class of all measurable function f defined on A such that

/ | fIPdpn, < oco.
A

For p = oo the space Lo (A) can be defined as the collection of all essentially (a.e.)

bounded measurable functions on A. Here du, is the Lebesgue measure on RY.

In fact, the element f of the class L,(A) can be considered as equivalence classes of
measurable functions which are equal to f almost everywhere in A. Thus, L,(A)

consists of equivalence classes of functions.

If f and g in L,(A) then, as an immediate consequence of the inequality (a+b)? <
20~ 1(a? + bP), we have af + bg € L,(A), for any complex number a and b. Hence

L,(A) is a vector space.

Define the functional || - ||z, 4) of f € L,(A) to be

1
P
HfHLp<A>=( / Iflpdun) Cl<pen
A

and
| fllooc = inf{M | |f(x)]| < M a.e. for x € A}.

This functional on the vector space L, constructs a normed space (L,(A), ||-]/z,4))

since it satisfy the following axioms:
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L 0 < ||fllz,a) < oo,

2. || fllz,a) =0 if only if f =0 a.e.,
3. Mefll,ca = lelllfllz,a) for c€C,
LA+ gl < ey + 119l

The last inequality follows immediately from Minkowski’s Inequality which can be

proven by using Hélder’s inequality, both of which are given below.

Theorem 1.21. (Holder’s Inequality)
Let 1 < p<ooandp =, (Il) —l—l%: 1). If f € L,(A) and g € L,(A), then
fg € Li(A) and

17 gl = / Foldin < 1 leynlolz, .

Theorem 1.22. (Minkowski’s Inequality)
Let 1 <p<ooand f,g € L,(A). Then f+ g € L,(A) and

1f + gllz,ca) < I fllzpca) + 19z, ca)-

For the proofs of these theorems we cite [25].

Theorem 1.23. (An Imbedding Theorem for L, Spaces)
Assume that Vol (A) = [, 1dug < 0o and let 1 < p < q < co. If f € Ly(A), then
feLy,(A) and

Q=

1 fllz,cay < (Vola(A)) a7 || f]lz,ca)-

In particular, if Vol 4(A) =1 and f € Loo(A), then we have for 1 < p < ¢ < oo,

1112y < WAy < M llzgea) < N (s

As we have seen the spaces L,, are normed spaces. In fact, they are Banach spaces.
The completeness of L, is given in a theorem known as the Riesz-Fischer Theorem,
and since the proof is beyond the scope of this thesis we refer the reader again to
[12]. Another famous theorem is the Interpolation Theorem of Riesz-Thorin which

deals with L, and bounded operators.
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Theorem 1.24. Let 1 < p1,p2,q1,q2 < 00, 0 < 0 < 1 and let p,q be defined by

1 1
-0t el —(1—6)L +0,
p b1 D2 q q1 q2

Assume that T is a bounded linear operator maping L,, into Ly, with norm C;, © =
1,2. Then T can be extended to a linear bounded operator from L, into L, with

norm
||T||Lp_>Lq < 011_90297

and hence

1T fllz, ) < CL0CEN £l a)-

Suppose p; = q¢; = 1 and py = ¢ = 00. Then the theorem implies that any linear
bounded operator maps L; — Ly and Lo, — Lo also maps L, = L,,1 <p < o0

with norm less than max(Ci, Cy); see [12].

Theorem 1.25. Ly(A) is a Hilbert space with respect to the inner product

) /f @) dpa(z).

Holder’s inequality for Lo is known as the Cauchy-Schwarz Inequality,

| D oy | < 1 llzaallgllzaca)

An important result in this direction is Young’s Inequality, which depends on a

notion known as convolution.

Definition 1.21. Let f and ¢ be complex valued functions on R%. The convolution
of f and g is the function denoted by f % g defined by

(F9) @) = | f)g(e—y)dualy), forzeR,
R
when the integral exists.

The above integral is well defined in various circumstances. For instance, if f and
g belong to Li(RY) then f x g exists a.e. and belongs to Li(RY). More is true, as
the following theorem shows (see e.g., [39]).



Chapter 1. Background 34

Theorem 1.26. (Young’s Theorem)
Let p,q,r > 1 and assume that % + % + % = 2. Then

[ (s o0 @uta)dinan] < el ool ol g

for a constant c, holds for all u € L,(RY), v € L,(R?) and w € L.(R?).

Theorem 1.27. (Young’s Inequality) Let 213 + % =1+ 1 and let u € Ly(RY),
v € Ly(RY) . Then uxv € L.(R?) and

lw s o]l ety < llullz, @ [0l Ly@a.

1.3 Polynomial Inequalities

In this section we give a brief discussion of some inequalities which have a great im-
portance for many problems in approximation theory. Markov-Bernstein type in-
equalities are fundamental to inverse theorem proofs, which provide some smooth-
ness properties of a function from the approximation error by approximation
classes of polynomials. These inequalities with Jackson type inequalities have an
important role in characterising the corresponding approximation space (see De-
Vore and Lorentz [12]). Since Jackson type inequalities are not involved directly in
our work, we decide to omit these inequalities. Another type of inequalities, which
are also of great importance for approximation theory, are Landau-Kolmogorov
type inequalities. These inequalities deal with different norms and, therefore, they
are relevant to approximation of function classes in other norms. All the results
in this section can be found in Borwein and Erdelyi [6], DeVore and Lorentz [12],
Ditzian [16], Ditzian [17], Milovanovic, et al. [45], and Kwong and Zettl [37].

1.3.1 Markov-Bernstein Type Inequalities

Markov-Bernstein type inequalities can be considered in a general form given by

|1 Dp|| < cllpll, (1.4)



Chapter 1. Background 35

where p is a polynomial with derivative Dp and ¢ a constant. For the maximum

norm in the interval [—1, 1],

IfIF=1Ifllec = max [f(2)],

—1<t<1

the inequality (1.4) is well known as the classical inequality of Markov with con-
stant ¢ = n?, where n is the degree of the polynomial p. In the complex plane,
this inequality goes back to Bernstein in 1912. He considers polynomials on the
unit disk.

Theorem 1.28. Let P,, be the set of all polynomials of degree n, and define ||p|| =
max|.<1 |[p(2)|. The well known classical inequality of Bernstein on the unit disk
|z| <1 s

1Dpl < nllpll, p € Pn,

and the equality holds for p(z) = cz, ¢ constant.

The Bernstein inequality for trigonometric polynomials defined on [—m, 7| is as
follows:
IDTO)| < 0T, —m<O<m,

where T is a trigonometric polynomial of degree n. For algebraic polynomials on

the interval [—1, 1] we have

IDp(t)] € ———, —1<t<1,

V1—t2

where p € P, with [p(t)| < 1, t € [-1,1].

There are many generalisations of the Markov-Bernstein inequality and numerous
improved versions of it. Many investigations of this result concerned other norms.
Higher derivatives and different differential operators also have been studied in
many other papers. Since the Markov-Bernstein inequality can be represented as
an estimation of the derivative norm, there are many studies of it to determine
the best bound in the inequality for restricted polynomial classes. These prob-
lems have been elegantly treated in many sources, see for example Borwein and
Erdelyi [6], DeVore and Lorentz [12] and Milovanovic, et al [45], which provide

a huge number of references in this field. We will mention some cases presented
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in these books, without paying any attention to these inequalities including dif-
ferent norms, different operators or these for classes of polynomial with various

constraints.

Consider the norm

1
b ;
|rp\|Lr<[a,b]>=( / \p(t)th) st

Theorem 1.29. Let r > 1, (a,b) = (0,27), then

IDT L,y < Pl TNz 0
where T is a trigonometric polynomial of degree n.

The Markov-Bernstein inequality has also been generalised to polynomials in sev-
eral variables. Let £ C R? be compact and satisfy the following condition. If
f € C>*(R%) and the restriction f|z = 0, then D*f|r = 0, where

ol

D* ==
Jle Oz{t - - - 0xy*

fle, o =01+ -+ ag.

Define the norm || f|| g = max,ecp |f(z)|, and consider p as a polynomial of degree

n.

Theorem 1.30. If E = [a,b]" we have

2n2 ||
D%pl| < .
19l < {2 ol

The Markov-Bernstein inequality in L, norm, r > 1 have also been investigated

using the norm

1Nz, = (/ If(ﬂf)lrd:c) , 1<r<oo,
E

where £ C R% Then for any r > 1 and a set 2, which satisfies some technical

conditions (see Milovanovic, et al [45] p. 591), we have

| Dip]

L@ <6, r)”2|’p‘|L,.(§)7
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where p is a polynomial in Q C R? of dgree n and D; = 9/0x;.

1.3.2 Landau-Kolmogorov Type Inequalities

Here we will discuss another type of inequality concerned with the norms of a
function and its derivatives. These results are often associated with the names
Landau, Kolmogorov and many others. This section includes a brief discussion of

some of these inequalities. For more details and the corresponding references see
DeVore and Lorentz [12] and Kwong and Zettl [37].

Consider the Landau-Kolmogorov type inequality

“Ey )k
AP < crnll £ 17O

Its study was initiated by Landau in 1913 on R* and by Hadamard in 1914 in the
whole line case, when n = 2 and k£ = 1 with supremum norm. Landau showed
that in R

1—1

wo L
IDflloo < 2([flloo 2 1S I3, (1.5)

and the constant ¢; o = 2 is the sharp constant in (1.5), and Hadamard proved that
Cl2 = V2 in R. Later, in 1932, Hardy and Littlewood investigated an extended
version of Landau and Hadamard inequalities. They considered the spaces La(R)

and Lo(R™), and they found the best constant ¢; 2 = 1 and ¢; 2 = V2, respectively.

In 1939, Kolmogorov generalised the Landau result to higher derivatives and he

succeeded in finding the best constant ¢ ,. He proved

Theorem 1.31. Let Df,---, D"f be bounded continuous functions on R. Then
form=2,3,--- and 0 < k < m we have

k

-k oy 2
£ loo < cmpell flloo ™ £ 12,
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where

k

Cm,k = km_kki;LlJrE, (16)

with
" :{ Y g g i mis odd,

4 o0 (_1).7 . .
2 ijo Tt if mis even,

T

18 the best constant.

In 1957, Stein extended the Kolmogorov inequality to the Lebesgue L, space. De-
fine the space W™(B) = {f : R — R|f™~1 is absolutely continuous and f™ €
B} where B is a Banach space. He proved the following theorem.

Theorem 1.32. Let f € W™(L,(R)). For 1 <p < o0,

1—£ (m) k
f||Lp(7]17§)||f ||£;(]R)a k=1---,m-—1,

||f(k)||Lp(]R) < Cmk
where ¢y s given in (1.6).

Similar to the Markov-Bernstein inequality, there are many generalisations of the
Landau-Kolmogorov inequality concerned with different differential operators, dif-
ferent domains and classes of functions with various constraints. It also has been
extended to functions in several variables. For instance, Ditzain [16] proved for
f e C@RY) and A"f € Lo (RY),

is valid for 0 < k < 2n and not valid for k = 2n, where A" = A(A™1), A is the

Laplacian:

0

oy

0 <M e TN
R IR b VAN B

TN

d 82
k=1

Recently, Ditzian [17] gave a procedure to obtain a Kolmogorov-type inequality
from Jackson-type inequality and Bernstein-type inequality. Since this result has
an important role in our result given in Chapter 5, we will state it here and cite
[17] for the proof.
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Let ¢ be a collection of functions such that span{p;, : & = 0,1,--- and | =
1,---,v(k) < oo} is dense in the Banach space B. Define the best approximation

En(f)B by
E.(f)p=min{||f —¢lls : ¢ €span{pis: k <n, | <v(k)}}.

A sequence o, is decreasing geometrically if

Opn 20,11 >0 and 1< A<o,/op, <C, (1.7)

for all n and some L > 0. A sublinear operator () is an operator satisfying

1Q(f)l[s = lallQUN)s and [|Q(f +9)lls < 1Qf]ls + Qgll5,

and define D(Q) = {f : Q(f) € B}.

Theorem 1.33. Suppose for a Banach space B, for {¢ix}icor) whose span is
dense in B, for o, satisfying (1.7), and the two sublinear operators P and Q, the

following assertions are satisfied:

1. o1, € D(P) C B, v, € D(Q) C B for all l and k and Pypo = 0 if
Q1o =0.

2. The Jackson-type inequality

E.(f)s < Cyo]|Qf |5,

is satisfied for all f € D(Q) with C; independent of n and f .

3. The Bernstein-type inequality

[Pl < Cpa,™[l¢lls,

for ¢ € span{pi | < v(k), k < n} with m < r is satisfied with Cp
independent of n and .

Then, D(Q) C D(P), and the Kolmogorov-type inequality

1Pflls < CellQFIRIIFIL™",
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is satisfied for all f € D(Q) with Ck independent of f.

This chapter provided an overview of the most important results in Hilbert space
and linear operators which will be required to study spherical harmonic functions
in the next chapters. The main reason of introducing and explaining the Lebesgue
measure in this chapter is to introduce the geometric properties of it in the Eu-
clidean space R?. These properties are essential in the proof of our main theorem
on m-term approximation given in Chapter 5. Since we also used Bernstein’s in-
equality in C? and establish Jackson’s and Kolmogorov’s inequalities in the same
space, we aimed in the last section of this chapter to enrich the knowledge of the

reader with a summary of some published work in the same area.



Chapter 2

Orthogonal Polynomials

In this chapter we are concerned with the Hilbert spaces La([a, b]; w), which are de-
fined in Chapter 1, and orthogonal polynomials with respect to the inner products
defined on these spaces. All orthogonal polynomials have a number of important
properties in common. Therefore, the most basic properties of orthogonal polyno-
mials that can be identified are examined in the first section. Next, we specialize
the discussion to the classical orthogonal polynomials, and then we are going to
discuss these polynomials from the point of view of the theory of linear opera-
tors. In the last section of this chapter the Gegenbauer generating function will
be shown as a Maclaurin series expansion. The main point of this proof is to show
that this series can be derived from many approaches which are beyond the scope
of this thesis. For much of this material, with a slightly differing point of view, we
cite [19], [6], [11], [31] and [55].

2.1 Definition and Properties

For the space Ls([a,b];w), the definition of orthogonal (orthonormal) functions

will be as following;

41
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Definition 2.1. 1. A collection of functions {f, : @ € A} is said to be orthog-

onal with respect to w if
b
| a)a@wi)ds =0, vagen . az s

2. A collection of orthogonal functions {f, : @ € A} with respect to w is said

to be orthonormal with respect to w(x) if
b
/ (fal@))w(z)de =1, Va € A

Theorem 2.1. For every nonnegative integrable function w on [a,b], if the mo-

/a " ()

exist and are finite forn = 0,1,2,---, then there is a unique sequence of polyno-

ments

mials (pn), -, with the following properties:

® pn(z) = Yma" +q(2)
where 7y, > 0, and q(z) is a polynomial of degree n — 1.

e The collection (py),—, is orthonormal.

Proof. Theset S = {1,z,2?,---}islinearly independent set. Then by using Gram-
Schmidt theorem there exists an orthonormal set {pg,p1,pa, -} in Lo([a,b], w)
such that

span {1,x,aﬁ2, s ,xm} = sSpan {Po,plap%"' 7Pm}-
Therefore,
Po(@) = D ma = qua" + )t =z +q(2),
k=0 k=0

where ¢ is a polynomial of degree n — 1. On the other hand, by following Gram
Schmidt process the polynomial p,, has the form

t n—1

n

Pn = = " D) D,
n ||tn||L2([a,b], ) RZ:O Lo ([a,b],w)

which means that ~, = ”t 7> 0. O]
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The polynomials p,, are called the orthogonal polynomials corresponding to w.
The constant 7, is called the leading coefficient and p,(x)/y, = 2" + - - - is called

the monic orthogonal polynomial.

Theorem 2.2. Let {pn}nzo be a given orthonormal collection, finite or infinite,
and f € Ly([a,b],w). Then the best approximation to f in terms of the polynomi-
als {pn}flzo for fixed integer I, has the form

f(x) ~ fopo + fipr + ... + fip,

where f, = f;f(x)pn(x)w(x)dx The coefficients f, is called the Fourier coeffi-

cients of f with respect to the given system, and the erpansion

f(x) ~ fopo + fipr + ...

18 called Fourier expansion.

Proof. This proof is a special case of the general proof in the inner product space,
which is available in many sources; see for example Borwein and Erdelyi [6]. Let
f € La([a, b],w) and let

g:f0p0+f1pl+"'+fnpm

b
where fi = (f,0i) 1, (tapjw) = Jo JPiw. Suppose h € span {po, p1,- -+ ,pn}, I #g.
In other words, the function h takes the form h = 3"" ¢;p;. Note that,

<g — f7pj>L2([a,b],w) = < <Z fzpl) - f7 p]>
1=0 Lo ([a,b],w)
= < <Z fz]%) 7Pj> —(f, Pj)LQ([a,b],w)
1=0 Lo([a,b],w)

= D Fi0e i) raanny — (P a(aiyn
1=0

= fy_’_szo
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as {po,p1,- - ,pn} is an orthonormal set. Consequently, we get

<g - f7 h — g>L2([a,b],w) = <g f h)LQ(ab] < f’ g>L2 ([a,b],w)

= <g fzczpz> <g fzfjpj>
2([a,b],w) Ls([a,b],w)

n

= Zcz g—f,pi) Lo([ab],w Zfﬂ 9 - fp] La([a,blw) — =0.
7=0

Thus,
2 2
Ih — f||L2([a,b},w) = [[(h—9)+(9— f)||L2([a,b],w)
2 2
= [h =9l qamw) T2 —=9:9 = ) raapw T 119 = L asw)
2 2 2
= [[h— 9||L2([a,b},w) +llg — f||L2([a,b],w) > [lg — fHLQ([a,b],w) ’
as ||g — h|| # 0, and this complete the proof. O

For more general properties of orthogonal polynomials we refer the reader to [55].

2.2 Classical Orthogonal Polynomials

There is no general definition of classical orthogonal polynomials, but most authors
describe them by those satisfying a linear second order differential equation. In-
deed, these polynomials have a great deal in common and possess many properties
that no other set of orthogonal polynomials has, see e.g., [56] . These properties

are:

e Their derivatives are again orthogonal polynomial sets.
e They all satisfy a Rodrigues formula;

pn(x) = m% (w(x)o™(x)), n=1,2,---

where w(x) is a nonnegative function, k, is a constant, and ¢ is a polynomial

in « and independent of n.

e They are all orthogonal with respect to a weight function.
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e They all satisfy a non linear equation of the form,

0(?6)% {pn(2)pn-1(2)} = (@ + Bn)pn () Pn-1(x) + 1ph () + 6,074 (z),

where «,,, B,, 7, and §,, are constants independent of x.

e They all satisfy a differential equation of the form
A@)y” + B(x)y + Ay =0,

where A(z) and B(z) are independent of n, and A, is independent of z.

e They satisfy a three term recurrence formula of the form
pn<x> = (Anx + Bn) pn—l(x> - Cnpn—2(~r>u n=23,---
where A,,, B,, and C,, are constants, A,, > 0 and C,, > 0.

Besides satisfying the above properties, any of these properties characterizes the
classical orthogonal polynomials. In other words, any system of orthogonal poly-
nomials which satisfies these properties can be reduced to a classical system (see
Al-Salam [3]). They are the most widely used and they have many important
applications. Here are some examples of the most common classical orthogonal

polynomials with some powerful formulas:

1. Hermite polynomials:
Rodrigues’ Formula;

(- @

exp(—x2) dz"

H,(z) = exp(—a?).

Then {H,} -, is a sequence of orthogonal polynomials on the real line

(—o00, 00) associated with the function w(z) = exp(—x?). Furthermore,

Han1(0) = 0, Han(0) — (—1)" 12"

n!
and the explicit form

[n/2]

Hy,(z) =nl)

(-1 (2
ml(n — 2m)!
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The generating function is
g Hy(x)— = exp(2zz — 27).
n!
n=0

Theorem 2.3. The Hermite polynomials {H,},~, form a complete orthogo-
nal set in the space Lo ((—oo, 00) ,e*m2>. Then when f in Lo ((—oo, 00), e*ﬁ) ,

f(z) = chHn(I)y

n=0

where . .
Cp = TN /OO H,(2)f(z)e " du.

2. Laguerre polynomials:

The Rodrigues’ Formula is given by;

1 dar

L(a) — a+n )
w (@) n!exp(—xz)z® dzm )

(exp(—z)x

Then {L%O‘)} is a sequence of orthogonal polynomials on [0, 00) associated
n=0

with the function w(z) = z® exp(—z). Furthermore,

Lg@(m:(”*“),

where

Theorem 2.4. The Laguerre polynomials {L5}~ ) form a complete orthog-

onal set in the space Ly ((—00,00) , 2% ~%).
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Consequently, if f in Ly ((—00, 00), 2%~ %),

= Z cn Lo ()

n=0

where
1

[(a+n-+1)/n!

Cp =

/0 Lo @) f(a)ate v da.

3. Jacobi polynomials:
The Rodrigues’ formula is given by
2-" d”

— 1 —z)™ 1+ x)_f’)% [(1 —2)*(1+2)°(1 - x2)"} .

Then {P,E“’ﬁ )} is a sequence of orthogonal polynomials on [—1,1] as-
n=0
sociated with the function w(z) = (1 — 2)*(1 + 2)?, -1 < «a, < <.

Furthermore, they satisfy

and one of the explicit form is given by

Plad) () = ZQL ( nta ) ( "fﬁ ) (&= 1) (2 +1)™.

There are several generating functions of Jacobi polynomials, for example;

ZP(O‘ z 2
" R(I—z+R)e(1+z+R)

and

A A+l At*w? (\)
1 AR j "PMJ Y(2t* —1).
(1+w?)~ (2 > ) T wre ) Zw O (2t — 1)

(2.1)
where R = /1 —2xz+ 22, and F is the Gauss hypergeomteric function
given in Chapter 4. The generating function (2.1) can be constructed geo-
metrically. A consequence of the fact that the Jacobi polynomials are the
zonal functions for the complex projective spaces, these polynomials can be

realised as spherical averages of Gegenbauer polynomials which leads to the
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generating function (2.1). The geometric framework for all these results will

be presented in Chapters 3 and 4.

Theorem 2.5. The Jacobi polynomials {P}ﬁ"ﬁ)} form a complete orthog-
n=0

onal set in the space Lo ((—1,1), (1 — 2)*(1 + x)7).

Then if fin Ly ((—1,1),w) and w = (1 — 2)*(1 + z)?,

[e.9]

fl@) =" e,PP(x),
n=0

where

1 " pad) o 5

Cp = PP (x) f(z)(1 — 2)*(1 + x) dz.
o

La((—1,1),w)

Also

208 (v + 4+ DI(B +n + 1)
(a+p+2n+1)nl(a+B+n+1)

There are numbers of important subclasses of Jacobi polynomials, related to

12N gy =
specific value of o and f;

(i) The Legendre polynomials P, is defined as

Pn:Péoyo)a TL:O,].,"',

where

/_ () Py () = 0 (2.2)

1

(ii) The Chebyshev polynomials T,
-1
Tn = 4” ( 2n ) PT(L_1/27_1/2)’ n = 07 17 27 .
n

iii) The Ultraspherical (Gegenbauer) polynomial C? is defined as follows
(iii) g y n

F(A+1/2) T(n+2)) pO-1/22-1/2)

Chlx) = T(2\) T(n+A+1/2) " (z),
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where A > —1/2. It also can be given by the following formulas, see

e.g., [55];
[n/2] . .
-1+ —Jj+Ar-1
C2(cos V) = Z ( J . * ) < " ‘7+. > 2 cos(n — 2j5)0
j=0 J n—7

where 9 € [0, 7], and

A (L™ —m o+ A

02(96) = mzzo rNI(m+ 1) (n—2m+1)

(2a)" ™.

which will be use to prove the generating function formula
Z CMz)z" = (1 — 2wz + 2°) 7,
n=0

at the end of this chapter.

The Gegenbauer polynomials will be discussed in more details in the fol-
lowing chapter. It will describe their relationship to the theory of harmonic

functions which have a great importance in the central part of our work.

2.3 Differential Operators and Orthogonal Poly-

nomials

The theory of linear operators gives an entirely different approach to the
treatment of orthogonal polynomials. The classical orthogonal polynomials
are considered as eigenfunctions of a special class of self-adjoint operators
arising from second order differential equations. In this section we are go-
ing to concentrate on the classical orthogonal polynomials which were con-
structed from the theory of linear operators.

Consider equations of the form,
(Lu)(x) + du(x) =0, a<xz<b, (2.3)

where
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and A is a constant parameter. We assume w(z) > 0 except possibly at
isolated points where w(z) = 0. We notice that if u satisfies (2.3) for a
parameter A, then u is an eigenfunction of L corresponding to A, which is
the eigenvalue. In order to give very important examples we need to prove
that L is a self-adjoint operator in L ((a,b), w) when p(a) = p(b) = 0, or
in case of infinite interval we assume that lim, . p(z) = lim, o p(x) = 0.
To do this we need to show that L = L*. In other words, we need to prove

that <Lu, U>L2((a,b),w) - <u7 LU)LQ((CL,Z?),'LU) , Whel‘e

(L) oy = / (L) (2)0(2)w () da.

Since

b d du(x)
(L) = [ g (05 ) o) + ulaotoyutolnte)i,
then by integration by parts, we get

(L0) gy = @@l [ V@@

+ /u(m)v(m)q(w)w(m)dm
_ / o (@)l () der + / w(@)o(z)q(z)w(z)dz.

By using integration by parts again, we have

LtV =~ Op(E) + v (@p(@yu(a)
b
+ / u(z) <v” (z)p(x) + v’(x)p/(x)) dz
+ /u(m)v(m)q(m)w(x)dx

ﬁ

= [ (s (0 ™) 4 o)) s

U)Lg((a,b),w) )

I
=
h
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so that L is a self-adjoint operator. Consequently, if there are two eigenfunc-

tions corresponding to two different eigenvalues then they are orthogonal.

Example 2.1. (Jacobi Operator)

The Jacobi differential equation is

d du
1—2)"(1 (1= 2)(1 L et = _1<z<1
(1—2)"%(1+2) - {( ) (1 +x) d:c} + \u =0, <z <1,

and the Jacobi operator is

Lu=(1-2)"*1+ x)_B% {(1 — )1+ :zc)le—g] )

The eigenfunctions are the Jacobi polynomials

(_1)n -« pd" n+tao n+
ST (1—2z)"%(1+2) ﬁﬁ[(l—x) (1+2) ’3],

Péa,ﬁ) —

corresponding to the eigenvalues A\, = n(n+a+ G+ 1), n = 1,2,---.
Consequently, the eigenvalues of the Gegenbauer, Legender and Chebyshev
polynomials are A\, = n(n + 27),\, = n(n + 1) and \, = n?, respectively,
where y —1/2=a=p andn=1,2,---.

Example 2.2. (Laguerre Operator)

The Laguerre differential equation is

exi xe_””d—u +Axu=0, 0<z<o0o,
dx dx

with the Laguerre operator

d _.du
Lu = o {xe %] .

The eigenvalues are A\, = n and the corresponding eigenfunction is the La-

guerre polynomials.

Example 2.3. (Hermite Operator)

The Hermite differential equation is

w4l edu 0 —eo<a<
e dxe o u =0, oo < x < oo,
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and in the same way, the Hermite operator is

d 2 du

The eigenvalues are N, = 2n and the corresponding eigenfunction are the

Hermite polynomials.

2.4 Proof of the Generating Function of Gegen-

bauer Polynomials

One of our aims in the next chapters is to study and prove Gegenbauer’s

generating function for Gegenbauer polynomials C:
(1—2zr+1%) ZT”C”\ re[-1,1], re(-1,1),

from the geometric point of view. In fact, in the literature there are several
analytic proofs of this generating function, see for example [23] and [55].
Hence, in this section we present an analytic proof of it using Maclaurin

series and the Binomial Theorem, which is given below.

Theorem 2.6. (The Binomial Theorem)

For any real number o and complex number x in |z| < 1 the following formula

holds,
(14+2)" = i “)
n

n=0

Proof. The function (1 — 2zr + 7’2)_’\ has derivatives of all orders with re-
spect to r throughout the interval (—1,1). Then the Maclaurin series gen-

erated by this function at r is given by

-
1-2 1 -2 0).
( xr +1?) E " (8r” ar +17%) " )()
Since the function (1 — 2zr + 7“2)_)‘ can be written as

<1—7’(x+\/1:27—1>>_/\ (1—r<a:— x2—1>)_>\,
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then,

(% (1—22r + 7*2)”) (0) =

0 (el =) ) (b))

J=0

Since x € [—1,1] and |r| < 1, we can expand the above functions by using

the Binomial theorem in the form

(1 _r (:c + \/ﬁ))A — f: (?) (—1)k (;c + m)kr’f. (2.4)

From calculus we know that if the series
i 9 (A <y (o + Va7 = 1)k rk (2.5)
prd orm k ’

converges uniformly, then we can compute the m derivative of 2.4 by differ-

entiate the series term by term. Since for k > m

o <(‘A) (—1)F (m + m)krk

aorm \\ k
= (_]j) (—1)* (m + m)’“ k(k—1)--- (k= (m—1))rF™
- (k _—)\m) (—1)F (33 + \/ﬁ)kr‘“—m.

Then for |r| < 1 we have

<< - ><x+\/ﬁ)k

k—m

g—z ((_;) (—1)* (2 + \/ﬁ)k ¥

and from the Binomial theorem the series

in R ICRCEDE i () (e vam=1) (o vm1)”

converges to (m + Va2 — 1)m (1 + x4+ Va?— 1)_/\. Hence, from Weierstrass

M-test we can deduce that the series 2.5 converges uniformly. Thus the m
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[n/2] . .
= Z (‘7_1.4_)\) (n_]+)?_1)2cos(n—2j)19
n—=17

=0 J
= Cp(cos?) = C(x),

since

0 [ e G [ |

Therefore, the Taylor series becomes

o0

(1- 2mr+7"2)7)‘ = ZT”C:L\(ZL‘), re[-1,1], re(-1,1). O

n=0



Chapter 3

Spherical Harmonics on

Euclidean Spaces

The last chapter shows the connection of orthogonal polynomials with op-
erator theory, and how Jacobi and Gegenbauer polynomials naturally arise
in that area. Another approach to generating these polynomials is the the-
ory of spherical harmonics. They appear as particular solutions of Laplace’s
equation on the spheres. This chapter is designed to develop spherical har-
monics on Euclidean spaces from a theoretical perspective, and to set out
the critically important results for our geometric applications. We assume
throughout this chapter that n > 2, since the theory is different when n = 1.
For further background in this area we cite [2], [18], [19], [22], [41], [47], [52],
[54] and [55].

3.1 Laplace Operator and Basic Properties

of Harmonic Functions

Definition 3.1. Let u : D — R be twice continuously differentiable function
defined in a domain D in d-dimensional Euclidean space. The Laplace operator,
or Laplacian A is defined as
0? 0? 0?
A=—st st ot 2
ozt Ox} ox?
If the equation Au = 0 is satisfied at each point of a domain D, we say that

u is harmonic in D or, simply, that u is a harmonic function.

56
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According to the relationship between real valued and complex valued func-
tions, a complex valued function is harmonic if its real and imaginary parts
are harmonic. Moreover, since the Laplacian is linear on the space of all twice
continuously differentiable functions on a domain, the sum and scaler mul-
tiplication of harmonic functions are harmonic on the same domain. Also,
a translation of a harmonic function is harmonic. More precisely, if u is a
harmonic function on D and a € R? then the translated function u(z — a)

defined on D + a is harmonic.

According to the definition of polar coordinates in the n-dimensional Eu-

clidean space, the Laplace operator in polar coordinates is given by

Au = r_(d_l)ag (rd_1§u> + 772 (sindy) " % <(Sin 0,)"? iu)
r T 1

0 , a1 O
8_192 ((sm 192) 8—192U>

+ r7%(sind; sin 192)72 (sin 193)7(6174) % ((sin 193)d74 —u) + .-
3

+ 2 (sindy) 2 (sindy) Y

+ 772 (sin?; sin s - - - sin ﬁd,g)_2 (sin ﬁd,Q)_l aﬁa ((sin ﬁd,g)l 0 u)
d—2

L, 02
+ 2 (sindy sindy - - - sin¥y_2) Ry

0p?

Consequently, in the 3-dimensional Euclidean space, the Laplacian becomes

2

Au = 7“2% (rQ%u> +r2 (sin®) ! % ((sin J) %u) +r72 (sin ) 88_@2“

The remaining of this section contains the basic properties of harmonic func-

tions in the n dimensional Euclidean spaces.

Theorem 3.1. (Mean Value Theorem)

Letu be harmonic in D C R%. Then, for any ball B"(x) = {y € R?| ||z — y|| <
r} C D the value u(z) is equal to the average value of u on the sphere 0B" (z),
that is

i
u(r) = —— u dptg,
(=) cqrd=t OB (z)

where cq is an absolute constant depending only on d.
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An important consequence of the mean value property is the maximum prin-

ciple for harmonic functions.

Theorem 3.2. (Mazximum Principle)
Let u be a real valued harmonic function on a connected open domain D in

R?, and u have a mazimum or minimum in D. Then u is constant.

The maximum principle can be rephrased as following: a nonconstant har-
monic function can attain neither its maximum nor its minimum at any point
of an open set D. On the other hand, from function analysis on Euclidean
spaces, we know that a continuous function on a closed bounded set must
attain its maximum and minimum on that set. These facts establish the

following corollary.

Corollary 3.1. Suppose D is bounded and u is continuous on D, the closure
of D, and harmonic on D. Then u attains its maximum and minimum over
D on its boundary 0D.

The corollary above implies that if « and v are continuous functions on D
and harmonic on D with v = v on 0D then u = v on D. In other words, on
a bounded domain a harmonic functions is uniquely determined by its value

on the boundary.

3.2 Spherical Harmonic and Gegenbauer Poly-

nomials

In this section, we are concerned with spherical harmonics and Gegenbauer
polynomials as spherical harmonics polynomials in the Euclidean space R
Spherical harmonics are very useful to study polynomials on the unit sphere.
Theorem 3.3 establishes the most important relationship between an arbi-
trary polynomial on the unit sphere with spherical harmonic functions, which
leads to a decomposition of L?(S¢"1(R)), given in Theorem 3.4. At the end
of this section we study a special class of spherical harmonics and its relation
to Gegenbauer polynomials. These polynomials occur as eigenfunctions of

Laplace’s operator on the unit sphere. We shall work on the Euclidean space
R? and the unit sphere S**(R).
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Definition 3.2. A function f defined on R? is said to be homogeneous of degree
kif f(ax) = a*f(x) for all z € R? and a € R.

Let hom(k) be the set of all homogeneous polynomials of degree k on R? with

complex coefficients. Thus, if p € hom(k) then p consists of terms of the form

cox® where « denotes an d-tuple (aq, - -+ , aq) of nonnegative integers, |a| = ag +
o4 ag =k and x* =z xy? -2yl Le,
p(z) = g Cot®
|af=k

In order to compute the dimension of the space hom(k) we need to calculate the
number of the functions x®* which is the same as the number of ways an d-tuple
a = (g, -+, ) of nonnegative integer can be chosen so that |a] = k. So to
determine the dimension by, of hom(k) let us consider a linearly ordered array of
d+ k —1 boxes, and let us select d — 1 boxes out of them. Consider the number of
boxes preceding the first box we chose is 1, and the number of boxes between the
first and the second boxes we chose is s, and so on. It is clear that in this way
we get nonnegative integers aq, - - - , o satisfying o +- - -+ a4 = k, see Figure 3.1.
Thus the number of ways of choosing d — 1 boxes out of a linearly ordered array
of d+ k — 1 boxes, which is (dﬁIl) is the same as the ways of choosing a;, - - , aq
satisfying ay + - -+ + ag = k. So the dimension by, of hom(k) is

d+k—1\ [(d+k—1
d—1 ) k
Definition 3.3. The restriction to the unit sphere S¥"}(R) of a homogeneous

harmonic polynomial of degree k is called a spherical harmonic of degree k£ and

the space of all spherical harmonics is denoted by Hy.

Recall that a polynomial p € hom(k) is homogeneous of degree k, which can be

written as

p(x) = ||z|* p(a/ |z])) = [l plss-r@y(z), Vo € R = {0}.

However, the restriction p[ge-1(g) is the restriction of infinitely many homogeneous

polynomials of different degrees of the form

flz) = HxHTpfgd—l(R)(@, r € N.
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Hence, we cannot identify a homogenous function by its restriction on the unit
sphere unless we know its degree. On the other hand, the maximum principle
guarantees that if p is a harmonic polynomial then we can uniquely identify it
by its restriction to the unit sphere. Hence, there is a one to one correspondence
between the spaces Hj and the class Ay of all polynomials in hom(k) that are

harmonic which leads to the fact dim H; = dim A,.

d-1 boxes
‘ v
o T -
(i] a, a )
d+k-1 boxes

F1GURE 3.1: An example of selecting d — 1 boxes from d + k — 1 boxes.

]

The following decomposition theorem shows the relationship between polynomials

and harmonic polynomials which can be found in [54].

Theorem 3.3. If p € hom(k) then
p(x) = po(w) + |z|* pr() + - - + ||| pi(a), = € RY,

where p; is a homogeneous harmonic polynomial of degree k — 27, j =0,1,--- 1
and | = [k/2].

To stress an important fact, suppose that

p(z) = Z cor®, O CN¢

ac0
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is a polynomial of degree m. Group all terms for which |a| = k, where k =
0,1,---,m. Then the polynomial p can be written uniquely as a sum of homoge-
neous polynomials

p=p1+-+Pm, i€ hom(k).

This result, when combined with Theorem 3.3 shows that every polynomial of
degree m on the unit sphere can be written as a sum of homogeneous harmonic
polynomials of degrees 0,1,---,m. This fact with Weierstrass’s approximation
theorem, establishes the following remarkable theorem and the proof of which can
be found in Stein and Weiss [54].

Theorem 3.4. The collection of all finite linear combinations of elements of

UZO:()Hk 18

(a) dense in the space of all continuous functions on ST1(R) with respect
to the Lo (ST™1(R)) norm.

(b) dense in Ly(STH(R)).

To compute the dimension of H, we use our remarks prior to the Definition 3.3
and Theorem 3.3. It is obvious that the space Hy C hom(k) is a finite dimensional

subspace of the Hilbert space Lo(S¥"1(R)) with the inner product given by
(.8 1y (otorc10) = / F(2)g@)dpa (3.1)
S4-1(R)

From Theorem 3.3 we note that the number of ways of writing p € hom(k) is the
same as the number of ways of writing pg with the number of ways of writing the
part py(z) + - - - 4 |2/* % p(z) which belongs to hom(k — 2), so
dim hom(k) = dim hom(k — 2) + dim A

Therefore,

dy = dim Hy = dim Ay = dim hom(k) — dim hom(k — 2)

d+k—1\ (d+k-3
b= )T U2 )

The space Ay is called the space of homogeneous harmonic polynomials of degree

k. Clearly, if hy, is any harmonic polynomial of degree k then hy(z)/|z|" is
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a continuous function on the unit sphere S¥~!(R) and can also expressed as a

trigonometric polynomial in 94,795, -+ ;94 o, and ¢.

With respect to the above inner product, the following theorem clarifies the or-

thogonality of the spaces Hj,.

Theorem 3.5. If hy, and h; are spherical harmonics of degree k and [, with k # [,
then

/ i () (2)dpg = 0.
Sdfl(R)

We will now study a special class of spherical harmonic polynomials which are
characterised, up to constant multiples, by a geometrical property. Here we follow
the definition used by Stein and Weiss [54].

Let 2/ in S"!(R) and consider the linear functional L on Hj that assigns to each
hy in Hj, the value hi(z’). Since every linear functional on a finite dimensional
space is bounded, see e.g. [4]. Then the functional L is also bounded. We can
now use the Riesz Representation Theorem to prove that there exists a unique

spherical harmonic Z f, such that

L(hk) = hk(l‘/) = /Sd_l(R) hk(t)Z;C/ (t)dlvbda

for all hy € Hy. This function Zf, is called the zonal harmonic of degreek with
pole x’'. The next theorems establish some elementary but basic properties of zonal

harmonics.

Theorem 3.6. (a) If {Ylk, e ,Yd’Z} s an orthonormal basis of Hy then

dy,
Zh(t) =Y YE@)YE),
m=1
7%, is real valued and Z%(t') = Z}(z').
Proof. Since {Ylk, e ,Yd’fc } is an orthonormal basis for Hj then

d

Z5() = anYE(t).

m=1
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By multiplying by Y_Jk and integrating over the surface of the unit sphere we get

/ o O @l Zam / VA )dpalt)) = a5

and by the definition of the zonal harmonic we have

Thus

=1

3

The second part is an immediate consequence of the definition and the first part.

[]

In [42], the author gives a geometric description of zonal spherical harmonics
where he uses the first part of the above theorem to define them. He studies these
functions by using the group of orthogonal transformations which enables us to
characterise the zonal spherical functions geometrically.

An dx d real matrix A is said to be orthogonal if AT = A~!. The set of all d x d real
orthogonal matrices is called the orthogonal group and denoted by O(d). The set
of d x d orthogonal matrices with determinant one is called the special orthogonal

group SO(d). Clearly, the set SO(d) is a subgroup of O(d), and for any A € O(d)
1 =det (AA™") = det (AAT) = det (A)det (A7) = (det (4))*.

Hence, det (A) = +£1, for all A € O(d). Geometrically, the elements of O(d)
are either rotations or combinations of rotations and reflections. The elements of
SO(d) are just the rotations; see e.g. [9]. The following theorem is given by Miiller
[42], which provides us with some useful properties of the group O(d).

Theorem 3.7. (a) For any two vectors § andn, and for A € O(d) we have

<€a 77>]R - <A€> ATI)]R

(b) For any unit vector & there is a subgroup of orthogonal transformations,

which keeps & fixed and which transforms a given unit vector ny into all
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those vectors n for which

<§7 n>]R = <€7 770>R .

(¢) Z5(An) = ZE(n), for all €, € S (R) and A € SO(d).

It follows from the above theorem that Z(An) = Zf(n), for all orthogonal matrices
A for which A¢ = ¢, Also, if 71,72 € S H(R) such that (&, m1)g = (§,7m2)5 then

there exists an orthogonal matrix such that 7, = Any, and therefore

Z?(Ul) = Z,]Zg(Am) = Zf(ng).

In other words, the zonal function Z¢(.) depends on the inner product (£, -)g only.
Geometrically, if two vectors 71,12 have the same inner product with &, then they
belong to the intersection of the unit sphere S¥~1(R) with the hyperplane that is
perpendicular to the line determined by the origin and £. Stein and Weiss [54],
define this intersection as a parallel of S?"!}(R) orthogonal to the point &. There-
fore, the function Zg() is fixed on this intersection and hence it is invariant under
the rotation that fixes £. The next theorem shows that, up to a constant multiple,

Z{(-) are the only members of Hj that have this property.

Theorem 3.8. Suppose n is a point of S"Y(R). Then hy, € Hy is constant on
parallels of ST™1(R) orthogonal to & if and only if there exists a constant ¢ such
that hy, = cZ}.

Before we finish our discussion of spherical harmonics we give an essential result

of the spherical harmonic theory, the Funk-Hecke Theorem.

Theorem 3.9. (Funk-Hecke Theorem)
Let f(x) be a function of a real variable x which is continuous for —1 < z < 1,

and let hy,(C) be any spherical harmonic of degree m. Then for any unit vector n
L UG Q) dua(6) = M)
Sdfl(R)

where the integral is taken over the whole area of the unit sphere S“™1(R), and

where

1

w — f—

Am = —C’(d_l)d/z(l)/ f(2)Cl4=D72(g) (1- x2)(d 2/2 1
m -1
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Here wy denote the total area of the unit sphere in d-dimensional space.

The next theorem gives a representation of zonal spherical harmonics and shows

the connection between these polynomials and Gegenbauer polynomials.

Theorem 3.10. Suppose d > 2 is an integer, A\ = (d — 2)/2 and k = 0,1,---.

Then there exists a constant ¢y, such that
Z)(x) = a.Cp ((z, y)w),

for all z,y € S (R).

Note that for € S4"1(R), the expression for zonal spherical harmonics in the
above theorem shows that Z¥ is function of (z,y)r which can be predicted from
Theorem 3.8. These zonal harmonics are constant on parallels of S¥~*(R) orthog-
onal to y. In the two dimensional sphere the zonal harmonic of degree k is the

Legendre polynomial which is represented by
Zy(y) = Pu((z,y)x) = Pi(cost), z,y € S*(R),

where 6 is the angle between x and y. These polynomials were the first termed
zonal. Since Py(z) has k distinct zeros between —1 and 1 arranged symmetrically
around z = 0, see MacRobert [41], Py(cos ) has k zeros between 0 and 7 arranged
symmetrically around 6 = 7/2. Accordingly, on the unit sphere Py (cos ) vanishes
on k circles and then these parallel circle divide the surface of the unit sphere
into zones. This geometric property explains why these polynomials are named

” zonal” .

Another important consequence of Theorem 3.7 and Theorem 3.10 is that we can
consider the zonal spherical harmonic ZJ(z) = ¢,»Cp((z,y)r) as a function de-
pending on #; only, the first parameter in the spherical coordinates 6y, --- 6, 2, .
To show this let A be an orthogonal transformation such that Ay = e;, and put
' = Az. Then from Theorem 3.7, (e1,2")r = (Ay, Ax)r = (x,y)r. Hence the
function C depends on the inner product (e, 2')g = cos 6y, 2’ € S"1(R), or more
precisely, depends on 6¢; only.

From the definition of spherical harmonic functions we have

ArFhy = r(dl)ag <rd1§rkhk> + 7”72A§d—1(R)7’khk =0,
r r
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where hy, € Hy and Aga—1(g) is the Laplace operator on the sphere S41(R) given
by

: (-2 0 : 5 0 : : 5 07
Agi-1r) = (sinv) (d-2) BN ((sm 9p)? 25_191) + o4 (sindy - - -sindg_g) o
Hence,
hik(k +d — 2)r* 2 + 17" 2 Agama gy by = 0,
which implies

The above argument shows that the spherical harmonic polynomial Ay is an eigen-
function of the Laplace operator on the sphere with eigenvalue v = —k(k+d — 2),
and hence Hj, is the eigenspace of the Laplace operator corresponding to the eigen-
value v = —k(k + d — 2). Now since C}» depends on 6; only, (3.2) can be written

in the form of the following theorem.

Theorem 3.11. IfC)) is the Gegenbauer polynomial of degree m and \ = (d—2)/2,
then

d (qind—2 ﬁic)\ 9
ASd_l(R)Cﬁ,\L (COS 19) _ ad (Sln 9 -m (COS ))

2y = —m(m+d —2)C2 (cos¥).
i

As we have seen in Section 2.3, Gegenbauer polynomials are eigenfunctions of the

Gegenbauer operator,

d du
Lu= (1 — 2212 % | _ 2122t
w=(1—a?) MR (1 - gl
on the real interval —1 < x < 1, with eigenvalue v = —m(m + 2)). To establish

this result from the above theorem, put = cosf. Then dx/df = — sin§ and then

d d
io—(n—2) 9 on—2 .9 % A
sin 19d19 (sm ﬁdﬁom (cos 19))

- (=) oL (- (VimE) o)
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- (i) A (e o)

- d a1/2 d
_ 1— 2\ —A+1/2 a 1— 9 —CA
where A = (d — 2)/2. Hence

LC) (7)) = —m(m + 2)\) O (2).

3.3 Proof of the Generating Function Formula

of Gegenbauer Polynomials

Having now reviewed the concept of orthogonal polynomials and set out some basic
results concerning spherical harmonic functions, we shall now introduce the first
origine part of this thesis. This section is devoted to proving the formula for the
generating function of Gegenbauer polynomials. The proof will enable us to show
that this functions are spherical harmonic, and then use the theory of spherical
harmonic to expand it in powers of r (see below) with Gegenbauer polynomials as

coefficients. All the results that are required are given in the previous chapters.
Let f(s) = (1472 —2rs)"" and consider the formula

Z CHs)r' = f(s). (3.3)

The geometric consideration of this formula is based on computing the distance
between two vectors, one of them inside the unit sphere and the other on the unit
sphere. We shall compute the norm ||z — p|| which is related to the generating
function of Gegenbauer polynomials. In particular, let p € R? be a fixed point
such that |[p|| = r < 1, and let x € S¥~1(R). The distance between the two vectors
p and z is given by

2 2 2
lz = plI” = (z —p,2 = p)g = llzlI” + llpll” — 2 (2, p)p = 1+ 7 = 2r (z, (p/7)) .
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Since (1 +r? — 2r (z, (p/r))R)_/\ with A = (n —2)/2, is the generating function of

Gegenbauer polynomials then we have

I (&, (p/r)g) = llx —p| ™ = ZT”CA  (/7))g)-

Now we will give a geometric proof of the well known generating function of

Gegenbauer polynomials which given in the following theorem.

Theorem 3.12. Let r € [0,1]. Then for s € [—1,1] the following formula holds,

1472 —2rs C’\
( Z

Proof. Let us consider two vectors: p as a fixed vector with ||p|| = < 1, and =,
|z|| = 1, in the Euclidean space R?, and let h be the function on S¢~1(R) defined
by h(z) = f({z,(p/r))g) = (1 + 1% —2r (z, (p/?"))R)_’\. Notice that the function
g(x) = ||z|| 7942, = # 0, is a harmonic function since Ag = 0. Hence the translated

|fd+2

function h(z) = ||z — p| is harmonic when = # p. Since h is continuous on

S?1(R), by using Theorem 3.4, h can be written as

dn

=20 ali (@)

n=0 k=1

where {YI",YQ”7 e ,Yd’jl} is an orthonormal basis of the space H,. Multiplying
both sides by the zonal polynomial Z/(z), y € S*!(R), and integrate over the

area of the unit sphere, we have

S [ BV @)

k=1 =1(R)

[ e i) Zia)duale) =

Si-1(R)

By using Funk-Hecke theorem, we get
A (1) Z (p/r) Z a; Y (y

where

M) = —an / ) ) (11— ) g,
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Here w,, denotes the total area of the unit sphere in n-dimensional space. Notice

that \; is a function of r since f is a function of r. Thus

Z)\ VZr (p/r) = Z)\ (r)eaCo({(z, (p/7))g Z)\ (r)c,C2(cos ),
(3.4)
where ¥ is the angle between = and p, A = (d —2)/2 and ¢, is a constant depend-
ing on n and d only. To complete the proof we need to show that the function

An(r)e, = r™. By applying the Laplace operator on h we get

0= Z A (A (r)e, Cp(cos )

o0

o @Ci(cos?) D (4 0 () O . g2 0C(cos )
= Z:[:) ey (r E)\n(r)) +—r2(sin 9D 59 <(sm V) —5g ) :

Since Gegenbauer polynomials satisfy the equation

0 - va200(cos V) c o 0yd—2 A
5 ((sm ) — g )= —n(n+d—2)(sind)* “C;(cos V),

it can be deduced that

0 0
A (-1 9 [ d-1 -2
0= E cnCo( cos19){ " (r —T)\n(r)> r A (r)n(n+d—2)|.

n=0

Since the set {Or)l} is linearly independent, we have

r(dl)% (rdlg)\n(r)) — 7”72)\,1<7")7”L(n +d— 2) =0, n=0,1,2,---.

This equation can be reduced to
rHd = DN (r) + A (7)) —nn+d—2)r2A\,(r) =0, n=0,1,2--,

or

7"2)\;;(7“) +r(d— 1))\;(7") —nn+d—2)\,(r)=0, n=0,1,2,---

This is the Cauchy-Euler equation and the solution of this equation is
An (1) = anr™ + b,r"™?,

where m; and m, are the solution of the equation 2+ (d— 1)z —n(n+d—1) = 0.
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Thus m; = n and myg = —(d+n) +1 < 0. According to the domain of the
function f, the function )\, is defined at » = 0, therefore b, must be zero for all
n=20,1,2,---. Hence,

An(r) = a,r™,
and consequently we can write
oo
= Z AnCrr™C ({2, (p)7))g Z anCnr"C2(cos V).
n=0 n=0

By choosing ¥ = 0 we get
= n+2\—1
T) g QpC ngoacr( " )

—2A

On the other hand, from the Binomial theorem the function (1 — r)~** can be

(1_T)2A:irn(n+2n)\_l>.

n=0

written as

From the uniqueness of the power series we get c,a, = 1 for alln = 0,1,2,---,

and finally we have

(1+7°—2rcos?)” ZT"C”\ (cos ), (3.5)

n=0

for 0 <r < 1,9 € [0,7]. For r = 0 it is clear that the formula 3.5 is true. Now for

r =1, from 3.4 we get

Z A (1)e,C (cos ).

By chopsing ¥ = 7 and using the Binomial theorem we can show that A\, (1)c, = 1

for all n € N. Hence

(1+7r* —2rcos?) = ZT”O:L\(COS J),
n=0
for0<r<1,9€[0,n]. O

In the next chapter we will see a similar sort of argument to develop a generating

function for Jacobi polynomials.



Chapter 4

Zonal spherical harmonics in

Complex Vector space

4.1 The Laplace Operator and Harmonic Func-

tions in Complex space

In this section we are concerned with spherical harmonics in a complex space,
and the zonal functions will take most of our attention. We develop the spherical
harmonics in C? in a similar way to the real case. Also we clarify the relationship
between the real and complex case and then establish an addition formula which
shows the connection between the zonal functions in these spaces. The main
references for the material in this section are Koornwinder [29] and Rudin [48].
Let C? be the complex vector space of dimension d, with the inner product given
by

<z7w>C: <(zl7"' 7Zd)7( Wy, - ,wd)>(c:21w_1+"'+2dw_d, 2, wecd

We can identify C? with R?? by writing each component of z € C? in terms of real
and imaginary parts, z; = z;+1iy;, z;,y; € R. Hence z = (z1+iyy, - ,xq+1iyq) €
C9 can be considered as a real vector given by z = (z1,y1," -+ , 24, y4) € R?*?. Under
this identification, the norm corresponding to the above inner product agrees with

the usual Euclidean norm in R??. Therefore, the unit sphere

STHC) = {z€C?: |z| =1}

71
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can be also identified with the real unit sphere S?*~}(R). The identities x; =
(zr + Zx)/2 and yr = (2k — Zx)/2i show that any complex valued polynomial on

R?¢ can be written as a complex polynomial on C? and vice versa. Also, from the

o _ (o ;90N 9 _1(9 0
@Zj N 2 8x]~ 8yj 7 Eﬁj N 2 8xj Gyj 7

the Laplace operator on C¢ can be expressed as

derivatives

d

2 o 5
A= 8_33?+8_y3_4282i82i' (4.1)

i=1 i=1

The above argument leads to the following definitions which correspond to the

definitions of harmonics and spherical harmonic polynomials in R?¢.

Definition 4.1. A function f on S471(C) C C? belongs to the space hom(m,n)

if it is the restriction to S~1(C) of a polynomial
F(Z,E) = F(Zh"' s Zdy 215 7Z_d)

which is homogeneous of degree m in z and of degree n in z . In other words,

F(tz,rz) = t"r"F(z, z) where t,r € C, z € C%.

Definition 4.2. A harmonic of type (m,n) is a homogeneous polynomial h(z, 2)

of degree (m,n) which satisfies

o o )
(821821 L 8zd3zd) hz2) =0

Definition 4.3. A spherical harmonic function of type (m,n) is a function on
S?1(C) c C* which is a restriction to S*"(C) of a harmonic of type (m,n). The

space of all spherical harmonic functions of type (m,n) is denoted by H(m,n).

Continuing the analysis of homogenous polynomials, any function f € hom(m,n)

can be written as

f(z,2) = Z Ca 22,

la|=m,|B|=n
where a and 5 denote tuples (v, - -, aq) and (5, -+ , B4) of nonnegative integers,

ol = a1+ +ag=m,|B] = B+ 4 s =nand 2 = 2254, 2P =
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78 7%, Clearly, f € hom(m,n) if and only if f(e?z) = €™ f(2). Hence,
the function f € hom(m,n) is real if and only if m = n. On the other hand, if
f € hom(m,n) then f € hom(n,m). As in the real case to compute the dimension
of the space hom(m,n) we need to compute the number of the functions 2%, and
z%. The number b, of functions z® is the same as the number of ways a d-tuple
a = (a, -+ ,aq) of non-negative integers can be chosen so that |a| = m, which
is calculated in the previous chapter. So the dimension b, , = byb, of the space

hom(m,n) is given by

b = dim(hom(m, n)) = <d+m— 1) (d+n— 1)_

m n

An important consequence of (4.1) is that the harmonicity in the real space co-
incides with harmonicity in the complex space. More precisely, a function f is
harmonic in C? if it is harmonic in R?? considered as a function of 2d real vari-

ables.
Theorem 4.1. (a) hom(m,n) C hom(m + 1,n+ 1),
(b) H(m,n) C hom(m,n),
(¢) H(m,0) =hom(m,0) and H(0,n) = hom(0,n).

Proof. For the first result we can use the fact that if f is the restriction of the
polynomial F' which is a homogenous of degree (m,n) then it is also the restriction
of the polynomial G(z,2) = (2121 + - -+ + 2424)F(z, Z) which is homogeneous of
degree (m+1,n+1). The second result can be obtained directly from the definition
of the space hom(m,n). The last results come from the fact that a polynomial p

of degree 0 in its d complex variables z7,--- , Z; is a polynomial of the d variables
21, -, 2zq only. Hence dp/0z; =0 for all j =0,--- ,d, and then Ap = 0. H

The following discussion shows the orthogonality of the space H(m,n). The inner

product used here is given by

(f, g>L2(Sd*1((C)) / f(2)g(2)dpaa.

Se-1(C)
with f and g square integrable functions on S*~(C) and the measure on C¢ coin-
cides with the Lebesgue measure on R??, denoted by ag.

Note that if f is a homogeneous harmonic function of degree (m,n), then f can

be considered as a complex valued homogeneous harmonic function of degree m +
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n on R?? because of (4.1) which leads to H(m,n) C H,,. It follows that
H(m,n) € Hpyin C Lo(SY1(C)) when k = m + n. Thus H(m,n) is a finite
dimensional subspace of the Hilbert space Ly(S?*(C)). On the other hand, from
the orthogonality of the spaces Hy, k > 0, and the correspondance between the
unit spheres S¥71(C) and S**71(R), H(m,n) and H(m/,n’) are orthogonal, with
respect to the above inner product, when m+n # m’+n’. Moreover, Koornwinder
[29] proved that spherical harmonics of different degree are orthogonal as given in

the following theorem.

Theorem 4.2. Let hy € H(my,ny) and hy € H(mg, ny), and suppose that (my,ny) #

(mg,ng). Then

/ hl(ﬂf)hg(m)dﬂgd = 0.
S4-1(C)

By combining the fact that Hj, is a vector space with the above argument we find
Y nimei H(m,n) C Hy. In fact, more is proved in the following theorem, see e.g.
Rudin [48] .

Theorem 4.3. Hy is the direct sum of the pairwise orthogonal spaces H(m,n),

where m +n = k.

Proof. Let hy, € Hy. Then hj can be written as

h’k(xlaylv”' ,JJd,yd) = Z Ca,B ‘x?lyfl ""rgdygd
Zfiizl a;i+Bi=k
_ Z c A+ \" (a -7\ za—za\
f 2 2i 2i '
?:1 o +Bi=k
Since

a; B
G- = 130 (7)) () s tap s,

=0 k=0

then each term (2; + Z;)%(2; — Z;)” can be written as a sum of terms of the form
zl'Z!" such that v; + n; = a; + B;. Therefore

— Y151 Yd="d
hk(xlayla"' 7$d7?/d> - 5 Cym R1 21 """ %q %q

Z‘Z’:l Yi+ni=k

— E ( v
= Cym 225

[vl=m, |nl=n, ntm=k
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_ _ 71 Yd __ =M =Nd _ =
where Y= (717"' 7’7d)7 n = (7717"' 7nd)7 R B Z’y’ R B Zna and

d d
Z¢:1 Vi = |W|a Zizl n = ]17\ Hence

k
hk(xla Yi, -, X4, yd) = Z fz(zvz)a
i=0
where f; is homogeneous of degree (i, k—i). Hence the function A f; is homogeneous
of degree (i — 1,k —7— 1) and

k
0=Af=) Af.
i=1
Since each A f; has different degree, then A f; = 0. O

To compute the dimension d,,,, of the space H(m,n) let f in hom(m,n), then f
lies in hom(k) where m +n = k. From Theorem 3.3 the function f can be written
uniquely as

f=g+1[ P,

where g € Hy, and h € hom(k — 2). Since f is homogeneous of degree (m,n) then
g and h are homogenous of degree(m,n) and (m — 1,n — 1) respectively. We can
conclude that all f in hom(m,n) can be written uniquely in the form f = g+|-|*h
where g € H(m,n) and g € hom(m — 1,7 — 1). Hence, similar to the real case, we
have

hom(m,n) = H(m,n) @ |- [*hom(m — 1,n — 1).
This formula enables us to compute the dimension of the space H(m,n).
dppn = dim H(m,n) = dimhom(m,n)— dimhom(m —1,n — 1)
B d+m—1\/d+n—-1 B d+m—-2\[/d+n—2
a m n m— 1 n—1
(d+m—-2)(d+n—-2)(d+m+n—1)
m!n!(d — 1)1(d — 2)!

We can now use the correspondence between the real and complex spaces with
Theorems 3.4 and 4.3 to conclude that Ly(S?*(C)) is the direct sum of the or-
thogonal spaces H(m,n), see e.g.Rudin [48] .

Theorem 4.4. L,(S¥1(C)) is the direct sum of the pairwise orthogonal spaces
H(m,n), 0 <m,n < oco.
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We will now study the zonal spherical harmonics which are a special class of spher-
ical harmonic polynomials. Similar to the real case, let w be a fixed element in
S H(C) and let L be the linear functional defined on H(m,n) as L(h) = h(w).
The space H(m,n) is a finite dimensional Hilbert space and then the Riesz Repre-
sentation Theorem implies the existence of a unique polynomial zim™ in H (m,n)

such that

Lh = h(w) = <h7 qujm’n)>L2(Sd—1((c)) = /Sdl((c) h Zl(Umm)d/L?d Vh € H(m,n).

The function Z{™™ is called the zonal harmonic of degree (m,n) with pole w.
From the above analysis on the space hom(m,n), the zonal Z{™™ is not real

unless m = n. Moreover, since Zy"™" € H(n,m) then

z w

Zq(um,n)(z) _ <Z&m,n)’ Z(n,m) — <Z§n,m)’ Z(m,n)

>L2<Sd—1(<c>> >L2<Sd—1<<c>> '

On the other hand,

qu)m’n)(z) _ <Zq(um,n)’ ng,n)> _ / Zq(ﬂm’n)ng’n)dMQd
L2(S4=1(0)) Sa-1(C)

= <Z§m,n)’ Zl(umm)>L2(Sd—1((C)) .

From the uniqueness of the existence of the zonal harmonic, we conclude that

Zmm = zm™ vz e €4 onym e N
Koornwinder [29] was the first to establish the connection between the complex
zonal harmonics and the group of unitary transformations. He used this group
to define the spherical harmonics on the complex Euclidean space which leads
to a geometric description of these polynomials on the unit sphere. To define the
unitary group let A be a d x d complex matrix. A is said to be unitary if A* = A~1
where A* is the adjoint of A, (A*);x = Ay;. Another equivalent definition is that
A is unitary if (z,w)e = (Az, Aw), for all z,w € C?. A linear operator T on C*
is unitary if and only if T'(z) = Az, where A is unitary, or if it preserves the inner
product defined on C?. The group of all d x d unitary matrices is denoted by U(d).
Now let e, be the canonical unit vector. Then the subgroup U(d —1) is considered
as the set of all A € U(d) which leave e; fixed. To clarify this point let A € U(d)
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which leaves e; fixed. Clearly, from the multiplication Ae; = e;, the first column

must be e;. On the other hand, since A is unitary then
eg = A ey = A'ey.

Hence the first column of A* is e; and the first column of A* is the conjugate of
the first row of A. Thus the first row of A is also e;. In other words, the first row
and first column of a unitary matrix A which leaves e; fixed are e;. Thus A is

determined by d — 1 rows and d — 1 columns.

Koornwinder [29] treats a special group of the zonal harmonics on the complex
sphere which is the group of all zonal harmonics with pole e;. He gives a pre-
cise expression of these polynomials where he uses the following proposition as a

definition of zonal functions.

Proposition 4.1. For all A € U(d—1) and z € S¥(C), Z&™ (z) = zI™™ (Az).

Notice that if A is a unitary matrix which leaves e; fixed, then the first row in A

is e; and hence

T

Az =[z,alz,--- Jalz)"when A =ley,ay,---,ad", z= (21, za).

Then

Zg”’")(Az) = Zm (20l 2, alz) = 20 (2, - zg), forallA € U(d—1).

1 €1

Clearly, the function Ze(;n’n) depends on the inner product (z,e1) = 2. In other
words, Z™™ is fixed in the set {2 €C?: (z,e;) = A} for [\| <1, A € C. Then
there is a continuous function f on the closed unit disk in the complex plane, such
that

Z5(2) = f((z e1)e)-

Koornwinder describes the zonal spherical harmonic for the space H(m,n) which

are given in the following theorem.

Theorem 4.5. The function ® on S 1(C) is a zonal function with pole e, in
H(m,n) if and only if

O(z) = cm,nei(m_”)‘f’ (cos 0)‘7”_"‘ Pﬁ[ﬁ’lm_"‘) (cos26), (4.2)
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where ¢y is a constant and z € ST(C) written as z = cosfe'®e; + sin 02" where
2 € ST2C), 0 <0 <m/2,0< ¢ <21 and P, is the Jacobi polynomials of

degree m A n = min(m,n).

The above analysis provides us with a precise expression of the zonal harmonic
Z{m™  Since Zé’l"’”)(-) depends only on (-, e1)c, then for any two vectors z and w

in ST1(C) there is a unitary matrix A such that Az = e; and put y = Aw. Hence
Z{m (w) = Z5" (y),
since (y, e1)c = (Aw, Az) = (w, z). Therefore
Zmm™ (w) = e’ ™ (cos g)m— pla-zlm=nl) (cos26),

where (w, z)c = cosfe™.

Definition 4.4. The complex projective space P(C?) is the set of all complex lines

in C% passing through the origin.

Note that a complex line passing through the origin and z € C? is a one dimen-
sional subspace given by {za : a € C}. This space may be alternatively realised as
the quotient space (set of all equivalence classes) of C? — {0} by the equivalence

relation,

21~z if and only if z; = Azy, A € C—{0}.

The restriction of this relation on the unit sphere is
21,20 €STHC), z~2zy  if and only if 2 = Az, A€ C.

where C'is the unit circle in C. Since each line through 0 intersects the unit sphere
S41(C) in a circle, the complex projective space may also be regarded as the set
of all cosets [2] = 2C = {az : |a| = 1} on S 1(C).

Note that for n = m the zonal function ®(z) = Pl(dﬂ’o) (cos 20) is invariant in each

coset [z], z € ST(C), so it can be considered as a function defined on the complex
projective space P(C?) and hence is the only zonal harmonic of degree [ for this
space, see Koornwinder [29]. On the other hand, viewing S¥~1(C) as S**~1(R) it
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is well known that the zonal function for H; is
d—
Zy,(2) = aCi" " ({er, 2)),

and since

(e1,2)g = Re (e1,2)c = Re {ey, cos fe'®e; + sin 92’>C = cos 6 cos ¢,
we can deduce that the zonal function for H; is
Z! (z) = chl(d_l)(cosecos 0). (4.3)

So the average over the same coset of the complex sphere of the zonal harmonic
function (4.3) would be expected to be a zonal harmonic of degree [ for the complex
projective space, which is the Jacobi polynomial. More precisely, since the sum of
the zonal functions for the subspaces H(m,n), m+n = [ must be the same as the

zonal function for H;, we arrive at the addition formula first observed in [33]:

Z cmmei(m_")‘b (cos 9)‘m7n‘ Pﬁ,\_f"m_n‘) (cos 26)

m4n=I

= ch’l(d_l) (cos B cos @). (4.4)

If we integrate this equation with respect to ¢ we get the following lemma which

will be proved for more general cases in the following section.

Lemma 4.1.
2w
/ 02(7—1) (cosfcos @) dp = cl,lPl(d_ZO) (cos 20),
0

or

27
/ C Y (teosd) dgp = ¢ P22 — 1), —1<t <1,
0

A direct consequence of Theorem 4.4 is that every ¢ in L?(S*"}(C)) can be ex-

pressed as

o= Z hinns hmn € H(m,n).

m,n=0

Using the orthogonality of the spaces H(m,n) we can deduce that

w) = N Z5 () dpagg(2).
) = [ A )
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From Theorem 4.3 and (4.4) we get

p(w) = ihk(w), hy € Hy, (4.5)
k=0

where

e = [ et

4.2 The Integral formula of the Zonal Spherical

> 25 = [ e (o wh) disal2)

m+n=Fk §4-1(C)

harmonic

In this section we will show that the spherical averages of Gegenbauer polynomials
are Jacobi polynomials. The result for averaging over the circle (j = 1) in the
theorem is given as Lemma 4.1. We begin by defining the Pochhammer symbol
(a)y = 1if k = 0, and (a)y = I'(a + k)/T'(a). Hence for an integers a and k,
(a)g = ala+1)---(a+k—1),if £ > 0. The Gauss hypergeomteric function is
then

F(a,b;c;x) =1+ i (a>i(b)ia:i.

i1 Z'(C)Z
We will also need a preliminary result. The Beta function is defined by the integral
1
B(z,y) = / t“ (1 —t)y"'dt, Rex >0, Rey >0,
0
which also satisfies the following
B(z,y) = 2/ (sint)**(cost)?¥dt,
0
(x

B(z,y) =

Hence using the formula I'(2z) = 2217 =120 (2)I'(x + 1/2), we obtain

PEmLEE)  x m)len)
D(m+n-+1)  22m¥20mlnl(n +m)!

/ sin®™ 0 cos™ 0df) = (4.6)
0
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Also Jacobi and Gegenbauer polynomials can be defined in terms of Gauss hyper-

geometric function as follows

o k+ 1—
P z) = ( ka)F<—k,k+a+ﬂ—l—1;a+1; 2“"),

che) = (T Rk N2

see for example Erdélyi [18].

Theorem 4.6. Let £ = (1,0,---,0) belong to the unit sphere S¥~1(R). Then

A o
/Sle(R) Cé\k (<t£, 7]>R) d,U/23<T]) = w2j2ﬂ-%Pé)\ J,j—1) (2t2 . 1)7

where woj_o denotes the total area of the unit sphere in R%-1,

Proof. Let

I= / Co ((t€,1)g) ditaj(n) = waj o / Oy (t cos ¥) sin ~2 9dd).
S%i—1(R) 0

Since the Ultraspherical polynomial C3) can be written as

Chu(z) = (—1)F (k + 2 - 1) F(—=k,k+ X 1/2;27)

we have

v

o0 v T
I=Ap; (Z ﬁ;” ! /O cos™ 1) sin® ") 19d19)

where Aﬁ,j = ij,z(—l)’“(kJrz_l). By using (4.6) we get

v=0

oo [ = (R (B4 N, (25 — 2)!(2v)!7 -
=4 (Z ol(1/2), (DG = DN+ — 1)!22”+2j‘2t ) '

Since the following identities are true,

(2v)! = 22%0!(1/2),,



Chapter 4. Zonal spherical harmonic in Complex Vector space 82

(v+7j—=Dl= () -1},

then we can see that

s k: F ) (27 — 2)\w 20
I =4, (Z (G- VD222 )

v=0

o (2j —2)!7 G M 2
= A 22j-2 ((j — 1)1)? (Z o). t ) |

v=0

On the other hand, the Jacobi polynomials can be written as

POV —1) = (~1)FpIT (1 -
_ (-1 <k+] 1

)p
— k+]—1> <§: k+)\)n 2n>

—k,k+ X; j; 8%)

Therefore, we have

N LE T k+i—1\"" (2j—2)!n PO g2 1)
BN k)oY

( ) (1/2)J 1 p(A=5,—=1) 16,2
ﬁP (262 — 1)

and this completes the proof. O

= W2;—2T

4.3 Jacobi Generating Function

In this section we reprove the Jacobi generating function given in [28] for a re-
stricted set of indices. In the first subsection we consider the special case of A € N
which arises from the study of complex spheres. For this case 7 = 1, we are
considering identification of points on a circle. We will show that the generating
function side of the equation can be written as a Legendre polynomial (a Gegen-

bauer polynomial with A = 1/2).
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4.3.1 Jacobi Generating Function when j =1

We start with the Gegenbauer generating function which is given by

(1 — 2t cos Yw + wz)f(dfl) = Zw"C’de_l)(tcos ), 0<w<l1, 0<t<l
n=0

Integrating both sides then leads to

2
0

2m o)
/ (1 — 2t cosYw + w2)7(d71) dy = Z w"/ CY= (t cos )
0 n=0

and by using the Lemma 4.1, we obtain

1 2w

2\ —(d—1) = 2n (d—1), d—2,0) (42
I (1 — 2t cos Yw + w?) dﬁ:Zw TRE (2t —1).
n=0
To evaluate the real integral I we will apply the residue theorem, where the integral
can be identified as a contour integral of a complex function around the positively

oriented unit circle C. We parametrize C' by

z:em, 0 <9 <2m.
Hence 5
‘ 1 1
dz = ie”dd, cost = = (Z + ) )
2 z
Therefore,
1 2 g 1 d—2
I =— (1—2tcos19w+w2) @ l)dﬁ:—. - —dz
27 J, 2mi ) (2 + 2w? — tw2? — tw)

1 Zd—2
- 27i(—tw)d-1 ]{ 14w? 1%
< (+w?) 4 1)

22— )

. . d—2 2 (1+w2) d—1 . . ol
since the function f(z) = 2972/ <z — ezt 1) has isolated singularities at
the points

(14 w?) (1+ w?)? ;o (T+w?) (1+ w?)?

otw  \| (2tw)2 7 dtw (2tw)?
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with 2y lying inside C'. Thus, by using residue theory, we get

I 2 1 [ di=2 292 1
2mi(—tw)4=1 (d — 2)! [dz972 (z — z{)¢! 2

and obtain, after some algebra,

; d—2
I 1 1 (_1)—d+1 dd—? <%>
(Ctw)y T (d—2)  z  |deE(I- Z)

20

Using the following identity,

the integral becomes,
o1 1 1\ a2 (9"
C (tw)dt (d - 2)! \ 2 dz4=2 (1 — z)d-1

To complete the proof we need the following hypergeometric equations (see e.g.
[19)),

i & [z"“fl (1-— z)b_c = ()21 (1 — Z)b_c_n F(—=n,b;c; 2),

SHRY
o~

dzn
ii. F(a,b;e;2)=(1—2)""Flc—a,c—b;c ),
il Fla,bl+a—b2)=(1—2)"F (&% g b —4z/ (1 - 2)*),
iv. F(a,b;c;2)=(1—2)""F(a,c—b;c;z/(z —1)).

From (i), withn =d—2, b =2 — d and ¢ = 1, and noting that (¢),, = (d — 2)!,

the integral I can be written as

1 1 d—1 % —2d+3 %

After using (ii) and some simple computation we obtain

1 1\ o
=— [ = Fld-1,d-1;1;,—).
(tw)= \ =g 20
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From (iii) we can deduce that

1 1 d—1 —d+1 d—1 —d -2
[:W(?) (1‘3) g 777“?1?—43(1—?) |
0 0 0 0

Finally, by applying (iv) the integral I can be written as

d—1 —d+1 -2\ 2
1 1 20 20 20
() () (2 0-3))
0 0 0 0

Equivalently, by substituting the value of zy and z{,

1 2 —(d—1) —d+1 d—1 d At2w?
— 1—-2¢ s 2 dd = (1 2 F 1, — .
o |, ( cos Yw + w?) (1+w?) — 5 e

Thus the generating function of Jacobi polynomial is given by

—d+1 d—1 d A2 w?
(1+w?) F(T,§;1 T r i) Zw P20 (2¢% — 1),
(4.8)

Now, in order to present the generating function (4.8) as a Legendre polynomial,

we write (see [55, 4.7.13] with A = 1/2) the Legendre polynomial as follows

1
P, <1ti) =1 —2)"F(-n,—n;1;z).

From (4.7), we get
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where R = /(1 + w?)? — 42w?2.

Corollary 4.1. For0<r<1, -1<s<1,

1\%? w? +1 > d—1), .,
(5) Pe(T) = e )

n=0

We can rewrite this as

1\ r+1 X d=1)
(5) reo(5) = epe e

n=0

where S = /1 + 12 — 2sr.

4.3.2 Jacobi Generating Function in The General Case

In this section we will prove the Jacobi generating function formula in a more
general case by integrating over higher dimensional spheres. The main complexity
in this section is the evaluation of the integral of the potential over the higher

dimensional spheres.

Recalling that z is the north pole of the sphere,
[ 2ot (g + o) duly
S2i-1(R)
= > [ Ot duty)
n=0 §27-1(R)

P G A—jj—1) (052
= wyjom(1/2);0 Y 1P = PO (217 — 1)
—~  (n+j-1)

using Theorem 4.6 (the odd powers integrate to 0).

Setting (x,y)p = cosf we see that

/ (1— 2wt (2, y)y + 2)7Ad ) /7r sin2-29 "
— 2wt (z, w = Woyi_ .
S2-1(R) YR HAY 22 0 (1 — 2wt cosf + U)Q))\

So that

(= 1)! I S = 20N pacise
dg =y P pPRl (22 — 1) (4.9
m(1/2);-1 Jo (1 — 2wt cos 0 + w?)* nz; (F)n " ( ). (49
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We can expand the integral in power of ¢ by using the Taylor series as follows:

G-

27
— 1 — 2wt cosf + w?) " sin¥20df =
2m(1/2) -1 /0 ( )

— d" (j_ 1)! . 2j—2 2\ —A tr
—_— == in“ ™~ 1-2 —.
; o [2ﬂ(1/2)j1 /0 sin®” 2 6 ( tw cos 6§ + w?) dQ] H

We compute the derivative of the even terms as following

d2k i—1 | 21 ‘ B
{ U—-1 / sin? =20 (1 — 2tw cos f + w?) A d91
0

dtQk 2’71'(1/2)],1 =0

i —1)! 2 , A
= 5Ty (il/;)) / sin® =% G(A)ay (1 + w?) e (2w cos 0)**df
m i-1Jo

F— 1)1(2 2k 1 2\ —A—2k 2 )
= ( ) w; ((1)\/)223“( + ) / sin? 726 cos?* 040,
s j—1 0

by using (4.6). After some simple computation we obtain

2k 1 | 27 ) B
d U ) / sin? =29 (1 — 2twcos€+w2) ’\dQ =
dtQk 27'((1/2)]_1 0 =0

(2w)?F (N) o (1 + w?) A2 (2k)!
E'(j)r2% '

The odd terms integrate to zero since cos @ is odd about /2.

Thus
(- 1)
2m(1/2);1

C e w)FN)a (1 w?) A,
- Z k!fj)kQQk ¢

27
/ (1 — 2wt cos f + wQ)_/\ sin? =2 9d6
0

k=0

B e (A)ak dw? "
= (1+w?) /\kzzok!(j)k22k ((1+w2)2) ,

and by using the identity, (A)ax = 22%(A/2)x((X + 1)/2), the last result can be

written as

F— 1)! 2m 1n27—2 1 4 2 9
_U=Db / sin? 0 _df = (1+w?) > F (5, ARl 4 v 2) .
2m(1/2)j-1 Jo (1 — 2wt cos  + w?) 2 2 (1 + w?)
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Consequently, we obtain again the formula in Koekoek and Swarttouw [28, 1.8.13],

A A+ A > (\) -
2\ - s _ 2n Mn 500—5j-1) (942
(14w F<§’ 9 ) (1+w2)2)_zw (j)npﬁg 7 )(Qt —1).

n=0

4.3.3 Jacobi Generating Function as Associated Legendre

Function

In this section we show that the generating function of Jacobi polynomials, given
in Koekoek and Swarttouw [28, 1.8.13], can be written in general in term of the
associated Legendre function of the first kind which is defined as follows (see e.g.
Erdélyi, A., et al. [18]).

Definition 4.5. The associated Legendre function of the first kind is a solution

of the Legendre’s differential equation

42 d
(1= )28 =250 4 (oo + 1) — 21— ) w =0,
which is given by
1 21\ 1 1
Pr(z) = F(- 11— = — = 1—z| <2
1o = e () F(vettiiomg—ge). -sl<z

veERand p#1,2,---.

Here F'is the Gauss hypergeometric function. Clearly, this function is a generali-
sation of Legendre polynomial P, to non integer degree. More precisely, if © = 0

and v is a non negative integer then
PO(Z):PU(Z)7 U:()7172>"'7

where P, is Legendre polynomial of degree v. Therefore, the last result in section

4.3.1 can be considered as a special case of the following theorem.

Theorem 4.7. The Jacobi generating function which is given by the formula

a+p+1 a+p+2
2 2

B+ 1;

(1+t) 7 'F ( M)

(t4+1)2
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(4.10)

can be written as the associated Legendre function P! of the first kind as follows:

o _ a1+t (a+p+1),
2PR7 (=2(x + 1)t WPf(—) =) P
(=2(z + 1)t) - Z G,

where R =+/1?> —2xt+ 1, and a € R, §# —1,-2,

Proof. Let I = (1+6) "7 F (J(a+ B+1), }(a+B+2); B+1; 35)),

and consider the following hypergeometric formulas,

. “ 1r(1-2)1/2) 2 ) Cl=(1=2)'2
1. F(a’ ;‘1’[) z) <T> F(Qa,Qa—b—kl,l—cH—b,m),
ii. F(a,b;c;2)=(1—2)""Flc—a,c—b;c; ),
iii. F(a,b;¢;2)=(1—2)"F(a,c—b;c;z/(z—1)).
From (i), with a = (a+ 5 +1) /2, b = 8+ 1 the left hand side of (4.10) can be

written as

—(a+p+1
I aias s 2z + 1)\ ( )
(L)t (1+41)?

Fla+p+1, a+1; f+1; g(z,t)),

where 1o
2(x+1)t
1 - <1 T (1+40)2 )
g(z,t) = 2ot 1)t 1/2°
1+ (1 - W)

Using (ii) witha=a+ 4+ 1, b=a+1, ¢ =+ 1 we see that

—(a+B+1
I N CEEICRE T (1= gz, b))
(L) (1+1) o

F(_av ﬁ_a; 5+1a g(l‘,t))
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—(a+B+1)
_ e (o2 n (1~ gl 1))
(L)t (1+1)? I

, o g(x )
x F (—a, a+1; B+1; g(a:,t)—l)

by applying (iii). Since the associated Legender function of the first kind is given
by

1+ 2)"? 1
Pf(z):%F (—U, v+ 1; 1 — g
-z

then we equivalently have

—z

>, 11— z] <2,

—(a+B+1)
ga+f+1 2z + D\ .
I = W(H(l—u) (1—g(z,t) "

x (—g(x,1) 7 P (M)

“ 1 —g(x,t)
s wn (R=A+)\? 1+t
— Ié] B a—1 B
2°1+t+R)"R <—R+1+t) P =
= 29(=2(x+ 1))y P RIPP (—1 ; t)

where R =+t?2 =2tz +1. O

The main result of this chapter, Theorem 4.6, was new to us and we arrived
at it after studying the zonal kernels function in the complex projective space
and real space. We later discovered that this result has been proved before by
Dijksma and Koornwinder [15]. They proved an integral representation for the
product PA*? (1 —252) P (1 = 2¢2) in term of Gegenbauer polynomials. In fact,
they proved that the integral of Gegenbauer polynomials is invariant under the
action of orthogonal transformations which leaves a subspace fixed, and then used
a theorem due to Braaksma and Meulenbeld, which is beyond the scope of this

thesis, to show that this integral is in fact the product of Jacobi polynomials.



Chapter 5

m-Term Approximation on The

Complex Sphere

In this chapter we develop new elements of harmonic analysis on the complex
sphere on the basis of which Bernstein’s, Jackson’s, and Kolmogorov’s inequalities
are established. We apply these results to get order sharp estimates of m-term
approximations on the standard scale of Sobolev’s sets of smooth functions in the
standard L, spaces on the complex spheres. In particular, when 1 < ¢ < p < 2,
we present estimates of m-term approximation of general multiplier operators to
underling the difference between harmonic analysis on the real d-sphere and the
complex sphere. The results obtained are a synthesis of new results on classical
orthogonal polynomials, harmonic analysis on manifolds and geometric properties
of Euclidean spaces. It is natural to call the m-term approximations considered
here harmonic m-widths by analogy with the known trigonometric m-widths. It

is already known that Kolmogorov’s n-widths, defined as

d, (K, X) = Liréfx 2161’15 yieann |l — vyl x,
where /C is a subset of the normed space X and L,, is a subspace of X of dimension
n, can be bigger, less or equal to the respective n-term approximations. Observe
that m-term approximation is a highly nonlinear method of approximation. In
particular, in this chapter we show that in the case of Sobolev’s classes W' it is
not possible to improve the rate of convergence in Ly, 1 < ¢ < p < oo by using

m-term approximation instead of linear methods of polynomial approximation.

In this chapter there are several universal constants. These positive constants

are mostly denoted by C, (1, - --. We will only distinguish between the different
91
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constants where confusion is likely to arise. For ease of notation we will write
a, < b, for two sequences, if a, < C -b, Vn € N for some constant C', and
ay < by, if C1 - b, < a, < Cy-b, Vn € N and some constants C and Cs. Also, we
shall put (a), := max{a,0}. Since we are working on the unit sphere S*~!(C), we

will use || - ||, instead of || - ||, sa-1(c))-

Our lower bounds of m—term approximations are essentially based on Bernstein’s

inequality [33]
1PN < Nitnlly,y >0, 1 <7 < oo Viy € Ty, (5.1)

where Ty is the direct sum of the spaces Hy, k = 1,2,--- N defined in (5.4)
and tg\?) is defined in Section 5.1. This inequality can be generalised to the more

general case using different norms. Let p, ¢ > 1 such that ¢ < p, then

[Enllg < [Fenlp,

and hence using (5.1), we get

1t 4 < N [ltwllps v > 0.

Now, if ¢ > p consider the operator Aty = t%), and consider

ALy — L, AN:L,— L,

with norms C) and Cy respectively. Then there exist 6 € (0, 1) such that

1 1- 1 1-
P 1 q q q q

and hence by Riesz-Thorin interpolation theorem

HAHLPHLq < 0%70020

It is clear that Cy < N7 and for C we need to estimate the norm ||Al|z, . By

following the same process of the proof of Theorem 3.4 in [33], it is easy to show
2d(q—1)
that [|S;|l, < I & where Sl is the Cesaro means of the reproducing kernels

for Hy, 0 < k < 1. Consequently, [[t]|, < N #2019ty |1, (see [33] for more
2d(q—1)

details). Thus C; < N”"~ ¢ and by using (5.2) with some algebra,
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£, < N2V D |0l y > 0, 1< p,g < oo Viy € Tw. (5.3)

We will need some general definitions.

Let Q,, = {ki < -+ < ky} C N and =Z.(Q,) := lin{H,}}",, where r =
dim{hg, }¥_, and Hy, is the space of spherical harmonic of degree k; given in Chapter

3. In the special case Q,, = {1,2,---,m} we shall write

T o= lin{H,}" . (5.4)

It is known that, see e.g [33],
dim (7,,) < m** = m". (5.5)

Here d is the topological dimension of the complex sphere over reals, hence t =
2d — 1.

Let {&}ren be a sequence of orthonormal functions on S*"'(C). Let X be a
Banach space of functions on S¢~!(C) with the norm || - ||x such that & € X
Vk € N. Clearly, Z,(X) := lin{&,---,&} C X, r € N, is a sequence of closed
subspaces of X with the norm induced by X. Consider the coordinate isomorphism
J defined as

J: R" — =(X)
a= (o 0m) = Y g
Hence, the definition
lells-1=,x) = [ Tallx

induces a norm on R”. To be able to apply methods of geometry of Banach spaces

to various open problems in different spaces of functions on S¢~1(C) we will need

to find the Levy mean of the function p,(«) := [|a[/;-12,(x) on the unit sphere
S%-1(R) :
M lz0) = [ lallzoodin(a)
ST-1(R)

As a motivating example consider the case X = L, := L, (Sdil((C)),

» 1/p
(fgd—l((c) ‘¢| du?d) ) 1< p < o0,

esssup |o|, p = 0.

Il :=
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In this case we shall write |||, = ||Ja||,. Our general result is stated in Lemma
5.3 which gives sharp order estimates for the Levy means which correspond to the
norm induced on R" by the subspace ®7.,Hy, N L,, dim @©7°, Hy, = r with an
arbitrary index set (ki,---,k,). To extend our estimates to the case p = oo we
apply Lemma 5.2 which gives a useful inequality between 1 < p,q¢ < co norms
of polynomials on S471(C). We derive lower bounds for m—term approximation
of Sobolev’s classes (5.6) using Lemmas 5.2 and 5.3, Urysohn’s inequality, the
Bourgain-Milman inequality and estimates of Levy means given in (5.21). Upper
bounds for m—term approximation contained in Theorem 5.2 where we establish
a Jackson type inequality. All these results are in Section 5.2, and Section 5.1

introduces some notation and preliminary background.

5.1 Preliminaries

In m-term approximation fix the basis and approximate a function by a linear
combination of m terms of this basis which can be taken in any order. Hence, the
selection of elements in the approximation depends on the function that is being
approximated and it depends only on the number of elements to be used. The set
of all linear combination of m terms of this basis is nonlinear space. Thus, in this
method of approximation the approximates come from nonlinear space and hence

this approximation is a nonlinear approximation.

This type of approximation was introduced by Schmidt (1907), then studied by
Oskolkov (1979) for multivariate splines. During recent years m-term approxima-
tion and n-widths have become very popular in numerical methods for PDE’s.
Also, the idea of so-called ”greedy algorithms” has been inspired by m-term ap-
proximations. All the material in this section can be found in many places. We

mention the papers, which investigate nonlinear approximation, [13] and [57].

Definition 5.1. Let X be a separable (contains a countable dense subset) real
Banach space and = := {{; }ren be a dense subset of X, i.e., the closure of = is X.
For a fixed m € N let Q,, := {k1 < -+ < ky,} € Nand Z(Q,,) := lin{&, }72;.
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(a) The best approximation of an element ¢ € X by the subspace Z(£2,,)

in X is

V(0 2(), X) = inf o~ €lx = inf

EE(Q‘"L) 0517"‘70471L)6Rm

‘¢ =)
=1

X

(b) The best m-term approximation of ¢ € X with regard to the given

system = (frequently = is called dictionary) is

Un(6,2,X) = inf  v(p,Z(Q,), X).

QmCN

(c) The m-term approximation of a given set K C X is

Um = U (I, 2, X) :=sup v,(0, 2, X).
e
The above approximation problem can be formulated in a more general way as
follows. Let >, (Z) denote the set of all function in X which can be written as a
linear combination of at most m element of =. Thus a function g € > (Z) can

be written as

g:Zahh, Kcz, |K|l<m.

heK

We measure the m-term error of approximation of a function ¢ by

[1]

Vm((ba 7X) ::gezi?f(E) ”(b_gH

This method of approximation, which approximates a function f € X by func-
tions from ) (=), is nonlinear since the space ) (=) is not linear. A sum of
two elements from ) (Z) is generally not in ) (Z). For linear approximation
methods, the approximates come from a linear space. For instance, use the space
Y = {& : 1 < k < m} to approximate an element in X. The approximation

error in this case is given by

En(f) = inf ||f —glx.

gEYm

Since f can be written as f =Y ;- ai&; then

En(f) = inf Z ank — Z bk
" k=1 k=1 X
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Thus, linear approximation depends on the frequency location of the coefficient,
whereas nonlinear approximation does not recognise these locations. The best
way to distinguish between linear and nonlinear approximation is to study the
rate of approximation, or describe the properties of a function that specifies the
rate of approximation. One of the central problems of nonlinear approximation is
to determine the approximation space, which is the space of all functions which
have a specific approximation order (see e.g. [13] and [14]). Another challenging
problem in this field is to estimate the rate of approximation for certain classes of

functions and to determine the best m-term approximation.

In order to embark on our theory, it is essential to make several definitions and

remarks.

We define the convolution of f € Ly (S*"*(C)) with a kernel  as
e = [ 1) nley) duaily)
s4-1(C)
Notice that, from (4.5) in Chapter 4, any ¢ € Ly(S*!(C)) can be written as

¢~ hy,  hy€Hy
k=0

where

= 20V (12w 2d(%).
) = [ o0 () da(2)

Therefore, the orthogonal projector from Lo(S¢"1(C)) into Hj is given by the
convolution ¢ — C,gd_l) * . We will call C’,id_l) the kernel of the orthogonal
projector Ly(S*1(C)) — Hy, and is denote it by My. Hence ¢ can be written as

d~ Y Mo

keNU{0}

Definition 5.2. Let {Y*}%_| be an orthonormal basis of Hy, and let 8), = k(k +
d — 1) be the eighnvalue of the space Hy. Let also ¢ be an arbitrary function in
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L,(S*1(C)), 1 < p < oo with the formal Fourier series

dg,
on Y D eun(®) Vi eun(®) = [0 Viduaa

keNU{0} m=1 §4-1(C)

(a) The v-th fractional integral I,¢ := ¢, v > 0, is defined as

dg,
by~ D 0.7 eum(e) - VE CeER (5.6)

keN {0} m=1

(b) The function D,¢ := ¢ is called the y-th fractional derivative of ¢ if

dy,
¢~ ST 0PN eum(9) YL

keN {0} m=1
(c) The Sobolev classes W) are defined as sets of functions given by
W) = {p € L (871(C)) : ¢ € L, (§71(C)) and [}, < 1},
The Sobolev classes given in the definition is equal to (see [34])
W) ={c+y¢,:ceER, p€ B},
where B, = {f € L,(S™(C)) : || fll, < 1}. For S™!(C) the following addition
formula is straightforward to show (see [24]):

d
> Ik @) = dy Yz e S"H(C). (5.7)

Corresponding to the above definition, we define a multiplier operator which acts

on the harmonic spaces H(m,n).

Definition 5.3. Let {Y{"™"}%"" be an orthonormal basis of H(m,n), and let ¢

be an arbitrary function in Lo (S?1(C)) with the formal Fourier series

dm,n

G Y A(g) - Y Im, (5.8)

n,m=0 s=1
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where

cg () = / o - y{mm dpiaq-
$4-1(C)

Let A = { M\ }mnso be a fixed sequence of real numbers. We say that A is of
(p,q) type, 1 < p,q < o0, if for any ¢ € L,(S**(C)) with the formal Fourier series
(5.8) there is a function f = Ag € L,(S*}(C)) with formal Fourier series

d'm n

fr~ kaanm” Ly mm) (5.9)

n,m>=0

Finally, denote by AB, the set of functions f representable in the form (5.9), where
¢ € B,

Clearly, Sobolev’s classes are cases of function classes AB,.

Now since

(m+n+d—1)(m+d—-2)(n+d—2)!
min!(d — 1)(d — 2)! ’

dmpn =dim H(m,n) =

we can deduce that d,,,, < (mn)¢2(m + n), and we have

dm,n

N Y (@) = dys Y € ST(O),

s=1

To give the estimate of the upper bounds for m—term approximation we need to
use Cesaro means and Abel’s transformation which are defined below. For these

definitions we cite [63] and [5].

Given a sequence sg, 1, -+ we define the sequence Ty, T}, - - as follows

T) = So+ 81+ + s,
B Tgn—1+T{71—l+_“+Tq771—l’

q

form =1,2,---, n=0,1,---. We can express T, explicitly in terms of s, as

(1)

follows

Define
Szzﬂ = _;r]n q Gm Z SkG

9 k=0
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WhereG?:(q—i—m).
q

17" and S;* are known as Cesaro sum and Cesaro means of the sequence {s, s, - - - }

of order m, respectively, and the number G| is called Cesaro number of order ¢

and index m.

Theorem 5.1. (Abel’s Transformation) Let ag,ay,--- and by,by,- -+ be any real
sequences, and let us define B(n) = by + - -+ + b,. Then for any values of m and
n we find that

n n—1
Z aiby = Z(ak — agy1)B(k) + a,B(n) — ap B(m — 1).
k=m k=m
Form =0 »
> apby =Y (ax — ars1)B(k) + a,B(n).
k=0 k=0

Let us have Y ,_, aiybg, by applying Abel’s transformation we get

n n—1
Z agby = a,B(n) + Z B(k)(ar — ag+1)
k=0 k=0

where B(s) = by + -+ + bs, for s = 0,--- ;n. Now apply Abel’s transformation
again on the right hand side

> apbe = a,B(n)+ (B(0)+ -+ B(n—1))(an_1 — a,)
+ D (B(O)+ -+ B(k)) ((ar — ars1) — (a1 — ars2)) -

Performing Abel’s transformation r times we get

n r—1 n—r
Z akbk = Z Akan_kT,{f_k + Z T]:_lATCLk, (510)
k=0 k=0 k=0

where AYay, == ai, Alay, = ap — apyy and A*Tla, = Asa, — Aapyq, k,s € N and

Ty is the Cesaro sum of the sequence {by, by, - - - }. Thus this process will be useful
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in order to estimate a partial sum of a sequence by using Cesaro means.

5.2 m-Term Approximation

Our upper bounds come from Jackson’s type inequality.

Theorem 5.2. Let f € L,(S**(C)) and

E(f T, Ly(S"(€)) i= inf IIf = tul,

tNET)

be the best approzimation of f by Ty. If f € L,(S"1(C)) and v > (d —1)/2

then

E(f, Tn, Ly,(S"™(C))) < C - N7V - E(f9, Tw, L,(S"(C))), 1<p < 0.

Proof. To produce our estimates we will need some information concerning Cesaro

means. The Cesaro means for the kernels M,, is

1 n
Sni=ar > G My,

" m=0

where

S o .8
G; =n’.

It is known [33] that for 0 < s < (t+1)/2,

nt=/2=s s < (t - 3)/2,
ISil < Cq (logn)*, s =(t-1)/2,
1, s=(t+1)/2.

Fix a polynomial ¢y € Tar with ||¢a]], < 1, and let

N
KN = Z/\k . Mk,
k=1

(5.11)

(5.12)
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where )\, = 6,?’/ . Applying Abel’s transform s + 1 times, see (5.10), where

s:= (t +1)/2 we see that, for N > s+ 1,

Ky * onr = (Kn_y q + KX) * dur,

where
N
Ky =Y AFIN\-Gy- S,
k=1
(t+1)/2
Ky= Y ARy Gh - Shos
k=0

A())\k = >\k7 Al)\k = )\k — )\k+1 and As+1)\k = AS)\k — As)\k-Jrl, k,S € N. Using
(5.11) and (5.12) we get

N N
IEN < Y AN Ga - 1Skl < € AN -k - (1S3
k=1 k=1

N N
SO AN R =) D [AEDEN ] D2,

k=1 k=1

It is easy to show that
|A(t+3)/2)\k‘ < k—’y—(t-‘r3)/2

and hence

N N
||K11VH1 <C. Z L= (t43)/2 | p+1)/2 CZ E7h 4> 0. (5.13)
k=1 k=1

Since ij:l k=7=1is a p-series with - + 1 > 1 then it convergence to a constant.
Hence | Ky ||, < C.

Similarly, using (5.12) we get

(t4+1)/2
KR < > 1AM AN k] GRoy - 1SK—ilh
k=0
(t+1)/2
< C- Z |Ak)\N7k’ . (N . k)k . (N - k)(t+1)/2717k
k=0
< (N —k)77H(N — k)72
< C.NHEED2 (5.14)
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From (5.14) follows that if v > (¢ — 1)/2 then
lim ||K% [, =0. (5.15)
N—r00

Comparing (5.13) and (5.15) we get that for any fixed polynomial ¢y, € Ty,

M € N the sequence of functions K * ¢y converges in Ly to the function

K x ¢y = <292W : Mk) * Onr-
=1

We remark
_ . . . 1 : 2 : 1 . s+1 . s . Qs
K= Jim Koy = Jim K Jim K5 = Jim Ky 0= ) &% G- S
Then
K —EKy|, < D A\ -Gr-lSil,
k=N+1
< 7'yfl< -1 _ 73 —y—1
_Zk _Zk TignOONx dx
k=N+1 k=N
= N7, (5.16)

Fix an arbitrary polynomial ¥y € Ty. For any f = K % f0) such that f0) ¢ L,

we have

E(f,Ta,Ly) < ||K#fO — K« ¢y + K %y —K}v*f(”llp
= HK* (f(v) _¢N) _ Kjl\[* (f(v) _¢N)Hp
< [ =Ky« (0 —ew), < [ = K- =),
< C-NT-E(f Ty, Ly), (5.17)

where in the last line we used (5.16) and the fact that ¢y is an arbitrary polyno-

mial. O

Remark 5.1. From Theorem 5.2, Theorem 1.33 and (5.3) we get Kolmogorov’s
type inequality,
LF Nl < CUFPIRP 11117,
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where 1 <p<ooand (d—1)/2 <a <g.

To prove our lower bounds we will need several lemmas.

Lemma 5.1. There is a sequence of functions Qan € Ton, N € N such that for
any ty € Ty we have

Qan *ty =1tn

and

|Qanll1 < C, YN € N.

Proof. The proof of this statement is based on the norm estimates for the Cesaro
means (5.12) and the line of arguments used in [34] (see Example 2.6).
Let

2N
QZN - Z )\kMka

k=0
where M}, is the reproducing kernel in the space Hy and A is defined as follows.
Let

and for 1 < s < d,

;t—&-ﬁ
Xs(x) = Qd/ Xs—1(u)du.

The function y, is d—1 times cotinuously differentiable and positive on [0, 00), and
X3! is Lipschitz continuous (there is a constant ¢ such that |4 () — x4 (y)| <
|z —yl| for all x,y € [0,00)). Furthermore, y4(z) =1 for 0 < z < 1/2, and

(2d)? 1

_ _ _ ) _ <<
Xa(z) = ga(z) i (1—2)¢ 1 Zd\x\l,

and in each interval [zs, zs_1], 1 < s < d, where x5 = 1—5/(2d), x4 is a polynomial
of degree d.
Put

k
AL = — 0<k<2N.
k Xd<2N>a
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Then L
= — | = <k<K
Ak Xd(QN) 1 for 0< k<N,

and therefore

Qon xty =ty forall ty € Ty.

To complete the proof we need to show that ||Qon|1 < C, VN € N for some
constant C. Apply Abel’s transform d + 1 times to Qan, where d = (t 4+ 1)/2.
Then we get, for 2N > d, that

2N—d—1 d
Q2N = Z (Ad“)\k)GﬁS,f + Z(AS)\QN—S)GSN—S 5N757
k=0 s=0

where S} is the Cesaro mean of Mj. By applying triangle inequality,

2N—-d—-1

d
1Qenth < D IATINIGEISEIL + D 1A don—|Gn_, | S3n—slh

k=0 s=0

2N—-d—-1

d
< D IATIMIGE+ Y 1A don— |Gy [IS5n il

k=0 s=0
using (5.12). Next we need to get some bounds for the differences |A4T1)\,| and
|A*Agn_s|. First for 0 < s < dand N > d? we get 1 —1/(2d) <1—s/(2N) < 1
and Aoy_s = xa(l — s/2N) = g4(1 — s/2N). It is easy to prove that, see [34],

S S k
AN = A(QN)—lgd (W) ’

where

h h
Aﬁgd(x) = (_1)k/ / gc(lk)(x—l—ul—|—~~~+uk)du1~-duk.
0 0

Then
s

| A" Xon—s| = |Afyny-19a(1 — W)‘
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(2N)! (2N) !
/ / |gc(l (1——+u1+ 4 ug)|duy - - - dug
0 0

/N

2N

_s (s) —5
< =
< (2N) e 94" (u)] = (2N) A=)

< 2dd2d<2N>—d

for 0 < s <d, N > d* On the other hand, since G5y _, < (2N — s)*, we have

(2N> s<d—2,
2N) Gy IS5y olli < e (2N d( —5)*(log(2N — 8))?, s=d—1,
<2]2V];S) s = da
(2N) g s<d—2,
< g (2N)” d+5(log(2N —38))? s=d-—1,
1, s =d.
\
Since
d—1
Jim 3 1A NGS5l = 0
s=0
we then have
D 1A NNl Gy 1S5l + A" Aoy —n| Gon[1SEx ol < € (5.18)

for some constant c'.

Secondly, we need to find an upper bound for [A%)\,|, for 0 < k < 2N —d — 1.
Since xq4 is d — 1 times continuously differentiable, it follows from the definition of

differences that

AN = [AN = AN | < AN + | AN |
= }Ad*l)\k — Adil)\k+1| + ‘Ad*l)\kﬂ — Adil)\k+2‘

k k+1
_ d— d—1
- 'A S -vilon) — Aty D)

E+1 k+2
d d—l
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Since X((idfl) is Lipschitz continuous, we get

/!

/!
A < SN+ SN = 2N

for some constant ¢’. Therefore, from [34] (see Example 2.6), we have

2N—d—1 2N—d—1
D IATINIGHISH < DD AR < (d + 1)(d + 2). (5.19)

k=0 k=0
Finally, from (5.18) and (5.19) it follows that [|Qan]1 < C, VN € N. O

Lemma 5.2. For any Q,, and any £ € Z,(Q,), m € N we have
lelly < rtPmae g,

where 1 < p,q < oo and r := dim =Z,.(,,).

Proof. Let {n;}i_, be an orthonormal basis of Z,(2,,) and let

Ko(z,y) = mi(x)m(y),
i=1
be the reproducing kernel for =,(€2,,). Clearly,
Ko(o)= [ Kole.) Kolp) - duaa(z),
S4-1(C)

and K,.(z,y) = K,(y,x). Hence, using the Holder inequality,

||Kr('a )Hoo < ||Kr(y7 )||2 ) ||Kr(x7 )”2

for any x,y € S“1(C). Due to the addition formula (5.7), we have

1Ko ()2 = / K, (2, 2) K, (2, 2)dpiza(2)
sd-1(C)

= K, (z,x)= Z’fh@)??z(x)

T

= Yn@P=r

i=1
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Hence, || K,(z,-)||; = r*/?, and then
1K (5 ) [oo < (5.20)
Let £ € Z,(2,,). Then applying Young’s inequality and (5.20) we get

1€Moo = 1€ % Ko lloo < [1EG(5 ) lloo - [[E]1r < - 1]
and hence
1] £y (54-1(C)NE, ()= Lo (591 (C)NES () < T

where [ : L, — L, is the embedding operator. Trivially,

11| 2, (841 (€)= ()= Lp (82 1(C))rEr (2m) = 1

where 1 < p < oo. Hence, using the Riesz-Thorin interpolation theorem and

embedding arguments we obtain

1€]lq < rO/P=HD+ ||, VE € E(Qm), 1 <pg<oo. O

Let us fix a norm || - || on R" and let £ = (R", | - ||) with the unit ball Bg. The
dual space E° is the Banach space of all bounded operators from E to R, and the

dual norm is

|27 = sup |2'(x)] = sup |2'(z)], 2’ € E°, z € E.
[l <1 2€BE

If F is a Hilbert space then by Riesz theorem for any 2’ € E’ there exist © € E
such that 2'(y) = (x,y). Therefore, we may identify the dual space as the space
E° = (R",|| -||°) endowed with the norm

[z]|° = ||l2’|| = sup [2'(y)| = sup |(z,y)],
y€BE y€BE

and hence the unit ball Bgo = {z € R" : ||z|° < 1} = {# € R" : sup 5, [{z,y)| <
1} = (Bg)° (see e.g., [1]). With this notations the Levy mean Mp, is

Moy = [ leldue
Srfl(R)

where dyu, denotes the normalized invariant measure on S"~*(R). We are interested
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in the case where || - || = ||| ,). In this case we shall write J'Br g (0n) =
B, In the case 2, = {1,---,m} the estimates of the associated Levy means
were obtained in [36]. This result can be easily generalized to an arbitrary index
set Q,, = {ky < --+ < k,,}. Hence we omit the details of the proof and give
the estimates of the associated Levy means for an arbitrary index set €2,, in the

following lemma.

Lemma 5.3.
MB&)) <C 'p1/2, p < 00.

Applying Lemmas 5.2 and 5.3 with p = logr we get

My, _/ 1€l ooy - dper < 77 / 1€l - dpr
ST—1(R) ST—1(R)

<C-p 2t =C- (logr)! - rV0E) < O (logr)' 2. (5.21)
Our lower bounds for m-term approximation are contained in

Theorem 5.3.

V(W) E, Ly (S*1(C))) > C - m=t 9,

p

where
1, 1<qg,p<oo,

9, > , .
(logm)~, p=o0,¢q>1,

Proof. First we will suppose that there is N € N such that m = dim T}y and
let n = dim Ty and we will write in this proof L, instead of L, (S*™'(R)). It is
sufficient to consider the case p > 2 and 1 < ¢ < 2 since all other cases follow by

embedding arguments. By Bernstein’s inequality (5.3),
(dim Tn)™'B, N Ty C W,
Hence, from the definition of v, it follows

U (WY, 2, Ly) > vy ((dim Ty) ™/t - B, N Ty, B, Ly)

P
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= (dim Ty) ™" - v (B, N T, E, Ly). (5.22)

Let ¢ € B,N Ty and £ € Z,,,. Then applying Lemma 5.1 we get

|Qan * (¢ = &)lq = [|Qan * & — Qan *&llq < || Qanlli - |0 — £llg

where Qan * £ € Tany N Z,, and ¢ = Qon * ¢ for any ¢ € Ty. Consequently,

1
inf _ * >C inf —nl|q,
£€E(m) =&l > 1Qanlt Qavetezio m)m‘zN 6= QanxElla 2 NEE(Qm)NTan lo=rla
(5.23)
for any ¢ € B, N Ty. Comparing (5.22) and (5.23) we find
vm(W), 2, Lg) > C(dim Tx )~ M, (5.24)
where
19m = l/m(Bp N TN, =N 75]\[, Lq N 7;]\[)
Let €1, - -, e;, be the canonic basis in R¥, k := dim Ton. Let 1 = {ky, -+, k,} CN,
ks <k,1<s<mand X" = lin{eg, }7",. Since p > 2, then by Holder’s mequahty
J Y B,NTy) C J BN Ty) and, therefore,
J B, NTx) CU(X]" 4+ J (0 - Bg) NTan)) NJ (BN T)
CU(X]" + J YW - By) NTan)) NI (B2 N Ty). (5.25)

Let P (X]") be the orthoprojector onto (X{")" in J~ 7. Observe that for any 1

(X{" + J (0 - By) N Tan)) N J (BN Twy)
= X{"NJ BN Tw) + I (9 - By) N Tan) NI H(Ba N Ty))
= X"NJ Y(BnNTy)+ J (9 B)mTN)m(BQmTN))
C XPNJ Y BN Ty) 4+ P (X)) 0o JH (W - By) N Ta) N (B2 N Twy)).

Let
L:=dimJ(X{"NJ "Ty)z, s:=n—1,

where (L)%N denotes the orthogonal complement of a subspace L C Ty in Ty.

Taking volumes we get
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Vol,, (XJ™ + J X (9 - By) N Tan)) N T H(By N Tw))
< Vol, (X{"NJHBaNTw) + PH(XT") 0 T (9 - By) N Tw) N (B2 N Tw)))
= Vol, (Bpy) - Vol (P (X{") o J7 (((9m - Bg) N Tw) N (B2 N'Tw))) -

To get an upper bound for
Vol (P (X{™) o J 7 (W - By) N Tw) N (B2 N Tw)))

we proceed as follows. Let zy,- -, 23 be a 1-net for J=' (B, N Ty) in the norm
induced by J~!' (By N Ty) where we assume that M’ is the minimal number of
points such that the following inclusion holds.
M/
T (BN Ty) C | (a+ 7 (BaNTw)) -

k=1

Therefore,

Vol; (P (X{") o J ™' (0 - ByN'Tw) N (B2 N Tw))
< Vol (PH(X{") 0 ™" (¥ - ByN Twv))
= 9. - Vol (P (X{") o J " (ByNTw))

k=1

< 9, Vol, Pt (X7") (U (wx+ 71 (B2 m))

= ), - Vol (U PH(X") (e + 71 (Bo Tzv)))

k=1

- 19%-\/01; (U (PL (X[™) 2, + P (X)) o J7! (BQQTN))>

k=1
M/
< 9, Vol (PH(X{") o J ™ (BN Tw))
k=1

= o, - M"-Vol, (Bly) ,

since P (X[") o J 1 (ByNTy) = Béz)- The t-th entropy number e; of a set K in
a Banach space X with the unit ball By is defined as the infimum of € > 0 such

that there exist an e-net xq, - - -, x9a—1 in X such that
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2&—1

ICCU(a:k+5-BX).

k=1

To get an upper bound for M’ we use the estimate [32]

supa'/? e, < C-n'? . Myo,
a>1

which is valid for any convex symmetric body V' C R™. Put e, = 1, then the mini-
mal cardinality M’ of 1—net for J~! (B, N Ty) in the norm induced by J ! (By N Ty)
can be estimated as

MI < ZCHM‘Q/O

where V := J~!' (B, N Ty) . Finally, we get
Vol,(X{" + T~ (U - By) N Ton) N T~ (B2 N Ty))

< 2CnM‘2,o . ﬁin . Vols (sz)) 'VOll (BéQ)) :

Observe that the number of terms in (5.25) is bounded by

dim 75 .
ZzN ( dlIIlBN > _ 2dim7—2N'

m=0 m

Hence, from (5.25) it follows that

Vol,,(J 7B, N Tx)) < 2 max w! (5.26)
where
wh, = Vol, (X{"+ J (U - By) N Tan) NJ (BN Ty))
<t - 2O a0 X Vol, (By) - Vol (Bly) - (5.27)

By Holder’s inequality and Lemma 5.3,

IA

MJ—l(quTN)

C- () 1/qg+1/qd =1,1 < g < 0. (5.28)

Mj-1(B,nT))°

N
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Comparing (5.26), Lemma 5.3, (5.27) and (5.2) we get
! (qd)n s
wy, <0, - 200" Vol (Bfy) - Vol (Bly) - (5.29)

Now we turn to the lower bounds for Vol,(J (B, N Ty)). From the Bourgain-
Milman inequality, Theorem 1.20,

Vol,,V - Vol,,V°

(volntg)) i -

which is valid for any convex symmetric body V' C R", it follows that
vol, (Bp))
vol, (B,

Comparing this estimate with Lemma 5.3 and Urysohn’s inequality , Theorem
1.19,

Vol,,(J™Y(B, N Ty)) > C™ - Vol (B) .

1/n

1
Vol. (V) ) < / oy d.
)

Vol,, (Bg;)

which is valid for any convex symmetric body V C R"™ we get

Vol, (ng))
Vol, (B& )>O

> " (Mgy)) Vol (By)

S B ORG EE S
(log ’I’L)l/Q, p=

Vol,(J Y (B, N Ty)) > Vol (Byy)

} - Vol,, (Biy) (5.30)
Applying (5.26), (5.29), and (5.2) we obtain

(IOg n)1/27 b=

1/2 -
Cn,{ ()", p<oo} ol (B3)

< 2l 200 ol (B,) Vol (Bl),
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which means that

—n/l
9, > 2Mg=Cd )t it { (p)'?, p<oc
" (

Vol, (B@))

logn)'/2,

1/1

X

Vol, (B, ) - Vol (Bl))

p=00

(5.31)

Observe that 0 < dim J(X; N J ' Ty) < dim Tpyy and dim Tpyye < dim(JX; N
Tn)*= < dim Ty. This implies that dim T[x/) < 1 < dim Ty, or en < I < n, where

0

0 < ¢ < 1. Let us put for convenience Vol (B(2)) = 1. Since

and

then

Tlsm

X

IN

IN

Vol,, (BE‘Q)) =

7.(.71/2

I'(n/2+1)

D)= 20 (140 (7).
1/
Vol Voll (Bl )>
Vol,, >
(n/2 4+ 1) - 7(=0/2 . 7l/2 1/1
(7r”/2 F((n=0/2+1)-T(/2+ 1))
n/2+ ) 1/1
F((n=0)/2+1)-T'(/2+1)
_ 1/
e™/21. (2 4 1)n/2+1 1/2 /
e (n=1)/2—1 . T,l + 1)(nfl)/2+171/2 ) e_l/2_1 . (% + 1)1/2+171/2
( +0(3)) v
o >-<1+o<%>>>
n/2+1-1/2 1/1
o (2+1) )
n— (n=1)/24+1-1/2 1/2+1-1/2
(55 + 1) (5+1)
1/
o (n + 2)n/2+1—1/2 /
(n— 14 2)7OFIZ2 gy gyl
o /212 1/
(n o l)(n—l)/2+1/2 ll/2+1/2
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n/ (2)+1/(20)
- C<n _ l)(n—l)/(2l)+1/(2l) [1/2+1/(2D)
n/(20)
n
S O e
< C nn/ () B 1 g n—1\2
T (n =)D g S l1- L l
<

21

where the penultimate and ultimate steps are justified by the condition cn <[ <n
(see, e.g., [35]). Since the sequence (1 —[/n)" converges to e, it is bounded by
a constant independent of n. Consequently, 5, < C for any n € N and using
(5.31) and (5.5) we get

, —n/m
9 >C p1/2.20q7 p<OO,q>1,
"7 (logm)? 297 p=o0,q> 1, '

Since m < n then n/m < 1, and hence

9> 1, p<oo,q>1,
"o (logm)~, p=o0,¢>1,

Finally, from (5.24) and the last line it follows

U (W

72, Ly) > Cm M,

Next we will show that the theorem is true for all m € N. Suppose that there
is no N € N such that m = dimTjy/. Then there is N € N such that m; =
dim Tjn/9) < m < dim Ty = my. Hence the theorem is true for m; and my, i.e.,

Vit (W2, L) > Cmy 0y, g (W, E, Ly) > Cmy " .

From the definition of v, we have v,,,, < v, < V,. On the other hand since
m; < m then ml_w/dﬁml > m™/4,,. Hence, v,(W7,Z, L, > Cm~/49,, and

p
then the theorem is true for all m € N O
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Remark 5.2. Comparing Theorem 1 and Theorem 2 we get

vm(W), 2, Ly) < m Yy > (t—1)/2, 1 <qg<p<oo.
The following statement contains lower bounds for m-term approximation of gen-

eral multiplier operator in the case 1 < ¢ < p < 2.

Theorem 5.4. Let 1 < ¢ <p <2, Z={H(s,1), s,l € N}, A={Xsi}si50, Ass >

0 for any s,1 >0 and m = dim Ty = (2"+N];!2()2!7§2_";)“!2N_1), where N € N. Then

Um(AB,, 2, Ly) > (27" min{|\yy|, s +1< N, s,1>0}.

Proof. Let Ty = @{H(s,l)]s +1 < N, s,l > 0}. Since AB,, C AB,, for any
p1 = po then it is sufficient to consider the case p = 2. Clearly,

min{|Ag;|, s+1< N, 5,0 > 0}BaN Ty C ABo.

Now, it is sufficient to repeat the proof of the last theorem. n



Chapter 6

Scattered Data Interpolation by
Radial Basis Function

The real multivariate interpolation problem is the means to construct a continuous
function which interpolates a data value at the data sites. Suppose that X =
{1, 2.} CRY X CQCRY and real scalars {fi}ign C R. Then we seek to

construct an interpolant sy x : 2 — R for which

srx(xi) = fi, fori=1,---,n

If the interpolation does not require any conditions on the data X, except that

X C (, then it is often called scattered interpolation.

In the radial basis function approach, the interpolants are required to be an element

of the linear span of the radial functions ®(|| - —z;||), i.e

sex(z Za, (||lx — =),

where ® is a univariate function, and || - || is a norm on Q. The coefficients a; are

determined by the interpolation condition
sex(z) = flx;), i=1,--- n
This defines a linear system Ag xa = f, where

As x = (O([Jz; — $i||))1<i,j<n’

116
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anda = (a1, - ,a,)T, f = (f(x1), -+, f(x,))T. Hence, if the interpolation matrix

Ag x is nonsingular, then s and a exist uniquely for all data and for all n.

In this particular case, the interpolation problem is equivalent to asking whether

the interpolation matrix is invertible. Well-known examples of nonsingular inter-

—0[7"2

polation matrix are Gaussians ®(r) = e, a > 0, the inverse multi-quadric

O(r) = \/021+7T2 and the multi quadric ®(r) = v/¢? +r2, ¢ > 0, where in the first

two cases the matrix Ag x is always positive definite, see e.g. [58]. In fact, most

of the recent work in interpolation problems focus on basis functions that gener-
ate positive definite matrices which can be handled by many efficient numerical

algorithms.

Schoenberg [51] was first to study positive semi-definite functions on the sphere.

He characterised the family of all positive semi-definite functions on S¥~1(R) as
F(t) =" anCp(cos(t)), A= —", (6.1)
n=0

where a, > 0, > a, < co and C; are the Gegenbauer polynomials. The first
paper concerned with conditions for the invertibility of the interpolation matrix on
the unit sphere S(R) C R? was by Light and Cheney [40]. On the n-dimensional
sphere Xu and Cheney [59] were the first who gave a sufficient condition for positive
definiteness. They show that whenever a,, > 0 in (6.1) the function f is positive
definite in SY71(R).

Since positive definiteness is crucial for interpolation, the first section of this chap-
ter is devoted to study these functions and a related space, called the native space.
The second section deals with error estimates of interpolation by radial basis func-
tions, and the application of these functions on the sphere is given in the third
section. In the last section, we give an improved error bound for radial interpola-
tion on the complex sphere, based on a generalised result on the real sphere which
is given by Brownlee, Georgoulis and Levesley [7], and Bernstein’s inequality in
the complex sphere given by Kushpel and Levesley [33]. Most of the materials pre-
sented in the first three sections can be found in [44] and [58], which also contains
a survey of results concerning scattered data approximation and recent results on

radial basis functions.
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6.1 Positive Definite Kernel and Native Spaces

Definition 6.1. Let A be a subset of R?, or C%. A continuous function ¢ : A — C
is called positive definite if for all N € N and all sets of pairwise distinct points

x1,-+,xy € A, the quadratic form

Z Z ajapp(r; — o)

=1 k=1

is positive for all & € C¥ — {0}. The function ¢ is called positive semi-definite if

the quadratic form is nonnegative.
In other words, the function ¢ is positive definite if and only if every matrix of
the form (p(2; — #:)),<; jen» {20, -, o} C A s positive definite.

Theorem 6.1. Let ¢ be a positive semi-definite function. Then the following

properties are satisfied.

lo(z)] < 0(0), for all x € RZ.

©(0) = 0 if and only if ¢ = 0.

Further, If @1, -+, pn are positive semi-definite and c; > 0, 1 < j < n,
then Z?Zl cjpj 1s also positive semi-definite. If one of the y; is posi-
twe definite and the corresponding c; is positive then ¢ is also positive
definite.

e The product of two positive definite functions is positive definite.

More generally, let Q0 C R? or Q C C¢. A function ¢ : Qx € — Cis called positive
definite kernel on Q if for all N € N, all 1, -+ ,zy € ©, and all a € CY — {0} we
have

N N

> > aarp(;, ) > 0.

j=1 k=1
Definition 6.2. A function ¢ : A C R — R is said to be radial if there exists a
function ¢ : [0,00) — R such that ¢(z) = ¢(||z||) for all z € R%.

The norm is usually the Euclidean distance, but we do not place any restrictions

on the norm || - || at this point. A function ¢ : [0,00) — R is said to be positive
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definite on R? if the corresponding function o(z) = ¢(||z||), z € RY, is positive
definite. Moreover, for a more general setting the radial basis kernels can be
defined as a composition of a univariate function with a distance function from a
point x, called centre. In other words, a kernel ¢ : A x A — R is said to be radial
if p(x,y) = ¢(||]x — yl|) for a function ¢ : [0,00) — R.

Next, we will introduce two Hilbert spaces, the reproducing kernel Hilbert spaces
and the native spaces. The first space is a Hilbert space that have a reproducing
kernel which can be positive definite. The second consideration of these spaces is
starting with a positive definite kernel ¢, and construct a Hilbert space N,,, and ¢
acts as a reproducing kernel in this space. This space is known as the native space
corresponding to the kernel . These spaces have a special importance in radial

basis function research and are used as a tool in studying error estimates.

Let 2 be an arbitrary subset of R? which contains at least one point.
Definition 6.3. Let T be a real Hilbert space of functions f : 2 — R. A function
@ 2 x Q — Ris called a reproducing kernel for T if

(a) o(-,y) € T for all y € Q.
(b) f(y) = (f,¢(,y))y forall f e T and all y € Q.

The second condition in the definition guarantees the uniqueness of the reproduc-

ing kernel. If we suppose that there are two reproducing kernels ¢; and ¢, then
p1 = (g since

e1(z,y) = (101 y), 02(+, @)y = @2(y, )
where po(z,y) = va(y, x), as the following theorem state.
Theorem 6.2. Suppose Y is a Hilbert space of functions f : € — R with repro-

ducing kernel . Then

(a’) 90<I’y) = (@(Jx%@(ay))’f for €,y € Q.
(b) ¢ is symmetric, i.e, p(x,y) = p(y,x) for all x,y € Q.

(c) If f, fn € X, n €N, are given such that f, converges to f in the Hilbert
space norm, i.e. ||f — fullxr = 0, as n — oco. Then f, also converges

point-wise to f.

The evaluation functional S, at y is defined as

Sy(f) = (frey)r  where  py(x) = ¢(z,y).
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Not all Hilbert spaces have a reproducing kernel. The evaluation functionals can
give us a characterisation of a Hilbert space with a reproducing kernel and when

the reproducing kernel is positive definite.

Theorem 6.3. Let T be a Hilbert space of functions f :  — R. Then the

following statements are equivalent.

(a) The point evaluation functionals are continuous.
(b) T has a reproducing kernel.

Theorem 6.4. Suppose that Y is a reproducing kernel Hilbert function space with
reproducing kernel ¢ : Q2 x Q@ — R. Then ¢ is positive semi-definite. Moreover,
@ 1is positive definite if and only if the point evaluation functionals are linearly

independent in the dual space T*.

If the function space T is a complex vector space containing complex valued func-
tions, then everything said so far remains true with special care to be taken with
complex conjugate sign, Wendland [58]. In this case the reproducing kernel is a
complex valued positive semi-definite function.

The notion of native space was introduced by Madych and Nelson [43]. For a
positive definite kernel, the corresponding native space can be constructed in dif-
ferent ways. In [49] Schaback gave a new formulation of the theory of radial basis
functions using integral operators instead of Fourier transforms. In Theorem 6.6
he use Mercer theorem to gives a new characterisation of the native spaces on a
domain 2 C R? using eigenfunction expansions of the operators. The native space
can be characterised by the following results (see e.g. Wendland [58]), we omit

details here.

Theorem 6.5. (Mercer Theorem)
Let ¢ be a symmetric positive definite kernel on @ C R%. Then ¢ possesses the

absolutely and uniformly convergent representation

P(2,9) =D pupn(r)n(y)

where {@n tneny C La(Q2) are eigenfunctions of the integral operator T : Lo(2) —
Ly(92) given by

Tv(x) = /ng(x,y)v(y)dy v € Ly(Q), x €9,
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with eigenvalue p1 = ps = --- > 0.

Theorem 6.6. Suppose ¢ is a symmetric positive definite kernel on a compact set

Q C Re. Then it is reproducing kernel in its native space which is given by

Pn

. {f R ST OO}’

and the inner product has the representation

ifcpnh 1 (9, ) Ly flgeNQ)
) 9 © .

n=1 Pn

A subspace of this native space has a special importance in improving error esti-
mates of interpolation by radial functions. This subspace is given in the following

theorem.

Theorem 6.7. Let ¢ be a symmetric positive definite kernel on a compact set

Q) C R Then the range of the integral operator is given by

T(LZ(Q)) _ {f c LZ(Q) : i |<f790np>2L2(Q) |2 § OO} |

n=1

6.2 Error Estimates for Interpolation by Radial

Basis Functions

In this section, suppose that the data value {f;} come from a continuous function
f, e f(x;) = fi for all z; € X C Q. We will give estimates for the error
f — s5x between a function f in the native space of a positive definite kernel and
its interplant sy x on a set {2 C R?. These estimates involves an expression called
power function, which in turn can be given in terms of the maximum separation

distance of the points X known as fill distance, hx g, which is given by

hxq = sup min ||z — z;||.
zeQ Ti€X
Since hx o measure the density of the points X in €2, these estimates show how the
interpolant sy x approximates the function f when X is dense in . To construct

the power function, let ¢ be a positive definite kernel with the native space N,
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and its interpolant sf x. Define the associated function by

N
wi = ol x)
=1

where o) = (ol .- o) satisfy Aa® = e the jth unit vector and A =
(i, 25))1<ij<n-

Definition 6.4. Suppose that Q C R? and that ¢ € C?*(Q2x Q) is positive definite
symmetric kernel on Q. If X = {z,--+ ,z,} C Q then for every x € Q and o € N¢

with |o| = ay + - -+ + a4 < k the power function is defined by

(O‘) 2 a o ~ ok «
[P%X} () = DY DSp(z, ) — QZD uj(x)D1 o(z, ;)

J=1

N
+ ) D (@) D ()i, ),

ij=1

where D f(x) = %, r = (x1,---,x4) and D{ denotes the derivative with
1 d

respect to the ith argument.
Theorem 6.8. Let 2 C R? be open. Suppose that o € C*(Q x Q) is a positive
definite kernel on 2. Denote the interplant of f € N,(Q2) by sf.x. Then for every
x € Q and every o € N& with |a| < k the error between f and s;x can be bounded
by

D f() = D*sp.x(@)] < Pk (@)l F o)

The condition that the region 2 C R? is open, is only necessary for estimates on
the derivatives. If €2 is not open, the estimates on the derivatives holds in every

interior point, Wendland [58].

This approximation order can be improved by requiring more smoothness for the
function f. Schaback [50], shows that for a suitable subspace of the native space
the approximation order can be doubled, Theorem 6.9. The basic idea of this
improvement depends on the fact that if f € N,(€2) and sf x its interpolant then
the function g = f — sy x € N,(Q2) and then the error estimate in Theorem 6.8

becomes

0
f(z) = spx| < PO @) f = spxlna@),
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where the unique interpolant function of ¢ is the zero function. Then by adding
some assumption on the function f to get an upper bound of the term |f —

sf.x|n, (e in term of the power function.

Theorem 6.9. Suppose that @ is a symmetric positive definite kernel on a compact
set Q CRY. Then for avery f € T(Ly(2)) we have

1f(x) = spx| < Pox(@)||Pox | a@ | T flin, )z € Q.

6.3 Interpolation on The Sphere

Let f be a function on the unit sphere S¥"}(R) belonging to Lo(S?!). With
respect to the inner product defined in Ly(S?1). The function f has the Fourier

representation of the form

00 co d;
= Zfl = Zz.fl,kykl with fl,k = <f7 Ykl>L2(Sd71)
=0 =0 k=1

where {Y}! : 1 < k < d;} are an orthonormal basis for H,, the space of spherical
harmonic polynomials of degree [. We will consider a positive definite kernel on
S41(R) of the form

o d;
=3 Y anYi(@)Yiy), (6.2)

=0 k=1

and we are concerned with radial functions with respect to the geodesic distance

which defined in the following definition.

Definition 6.5. A kernel ¢ on S4(R) x S¢(R) is called radial or zonal if p(x,y) =
Y(d(z,y)) = ¢(z"y) with univariate functions ¢ and 1. Here d(z,y) = cos™({z, y)g)

is the geodesic distance between x and y.

Theorem 6.10. A kernel ¢ of the form (6.2) is radial if and only if ajp = ay,
1<k <d.

The above result provides us with a form of the radial kernel on S¢~1(R) which is

given by

Zal =S (T, y)p), (6.3)
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/2 .
where wy_1 = % is the surface area.

Lemma 6.1. Let Y € span{Y} : 1 < k < d;}. Then

di

Y(x) <
V() <y

Y llpy@a1), @€ STHR).

Moreover, the Gegenbauer polynomials satisfy |C’l(d_2)/2(t)\ <1 forte|—1,1].

To prove continuity for a radial kernel given in an expansion of the form (6.3) it

is sufficient to assume that .

Z |al|dl < 00,

1=0
since then from the above lemma

o0

> d a2 1
> il L0 7 (@,y)p)| < > Jaldy < oo

Wq— Wda—
1=0 -1 =129

Then from Weierstrass M-test the given expansion (6.3) converges uniformly to
the kernel ¢ and then it is continuous since the Gegenbauer polynomials are con-
tinuous. Moreover, we can characterise a positive definite kernel on the sphere by

it’s Fourier coefficients.

Theorem 6.11. Suppose that the kernel (6.2) is continuous. Then it is positive

definite if all coefficients are positive.
Corollary 6.1. A radial function p(x,y), z,y € STYR) is positive definite if

oo

plz,y)=> aC, 7 (")

1=0
with a; > 0 for alll € Ny and ;" a; < cc.

In [44], Menegatto and Peron generalise Schoenberg’s [51] result on positive definite
functions on the real sphere. They show that positive definite kernels on the
spheres in C? are series of disk polynomials, which are introduced by Zernike and
Brinkman [61], with nonnegative coefficients. More precisely, let S¥~(C) be the
unit sphere in C%, and let (-, )¢ denote the usual inner product in C%. Let f be a
function on the closed unit disk B in C. Then f is called positive definite whenever

the corresponding zonal kernel f((-,-)¢) is positive definite on S¥~1(C) x S¢~1(C).
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Recall that the orthogonal decomposition of Ly(S?1(C)) is given by

o0

L(81(C) = @ Him.n),

m,n=0

where H(m,n) is the space of spherical harmonic homogeneous polynomials of
degree m in z and n in Z. Moreover, the disk polynomial of degree m-+n associated

to a positive real number « is the polynomial Ry, , given by
Ry, . (2) = 7"|m7n|€i(mfn)gpr(na&|nmin|)(27’2 —1), z=ré’ =z+iy.

Due to orthogonality relation for Jacobi polynomials, the set {Rﬁ‘n,n :0<m,n <

oo} is a complete orthogonal system in Ly (S *(C)), see Koornwinder [29].
The result of Menegatto and Peron, [44] is given in the following theorem.

Theorem 6.12. A continuous function f is positive semi-definite on B if and

only if it is of the form

Z aman2 (z), z€B

(m,n)EN?
in which Z(mm)eNg Uy < 00 and Gy = 0 for all (m,n).

Another way to phrase Theorem 6.12 is that a continuouse zonal kernel f({:,-)¢c)
is positive semi-definite on S~1(C) x S471(C) if and only if it is of the form

f(<w7 w,>(C) - Z am,nRgn_,z(Z)’

(m,n)EN?

where z = (w, w')c, D2 n)enz Gma < 00 and @, 2> 0 for all (m,n).

Now to define the native space on the real spheres, let a given ¢ € C(S¥1(R) x
S?1(RR)) be a positive definite kernel given by (6.2) where a;; > 0 and Y, a;d; <

00, G = maXj<r<dq, |ark|. The native space N,(S?"1(R)) can be characterised as

N, (S (R {f Y kajz'f““' }

=0 k=1 =1 k=1

and the inner product takes the form
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The fill distance hx ga-1(ry takes the form

hxsi-1®) = xessilim Inf d(z, ;)

The error estimates for interpolation using positive definite kernels on d-dimensional

sphere were done in [26]. These estimates are given in the following two results.

Theorem 6.13. Suppose that the kernel ¢ has only positive Fourier coefficients
i, which satisfy the condition "~ ayd; < oo. Suppose further that X = {xy,--- ,zn}
C STYR) has fill distance 1/(2m + 2) < hx < 1/(2m). The error between

f € N,(ST1(R)) and its interplant sy x can be bounded by

o0

9 . _
f@) —spxl < —— > adilflly, 1) = €ST(R).

Lt
Corollary 6.2. Suppose the assumptions of Theorem 6.13 hold.

(a) If aid; < c(1+ 1)~ with a > 1 then

1 (@) = sg.xlloe < by gl I Flln, o1 r)-
(b) If aid; < e(1 4 1)~ with a > 0 then

I1f(2) = s5xlloo < ce™ W Flln, sa-1my)-

The improved error given in Theorem 6.9 in the last section is valid for the case
Q) = ST }(R) since the sphere is compact. This estimate is true for a subspace of
the native space which requires double smoothness of the functions. In [7] the au-
thors extend the range of applicability of the error estimates on sphere by adapting
Schaback’s error doubling trick to functions that have less smoothness than Sch-
aback requires. Their results are based on using a pseudo differential operator and
estimate errors in pseudoderivatives of the solution to the interpolation problem.

To show the main result let the ¢ spline interplant s;y given by

spv(e) = aypld(z,y)),

yey

with interpolation conditions

sry(y) = fly), yey,
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where Y C S%71(R) be a finite set of point and d(x,y) denote the geodesic distance

between x and y. Suppose that the function ¢ has an expansion

= Z ancé\“x? y)R)

n=0

where A = (d/2) — 1, a, >0forn=0,1,---, and

Zan < 0.

n=0

The native space of ¢ will be given by

NA(ST(R) = fzzj“neLz(Sd1(R))2Hf\|<p=<zwlﬂ> < o0 £ (6.4)

n>0 n>0 n

Now, for some s > 0 define a pseudodifferential operator A on S*"}(R) by

AfF = Nfor da=(n(d+n—2))° n=01-.
n=0
The operator A acts via multiplication by A, on each eigenspace H,,. The improved

error estimate is given for a subspace of N, defined as

Nag (8" (R)) = 4 f € No(S™(R)) | fllap = (Z M)

n>0 (/\nan)Q

The representation given in (6.4) demonstrates the relationship between the smooth-
ness of the functions, in some sense, and the space based on the rate of decay of its
orthogonal projection from Ly(S*!(R)) onto H;. Since a function f € Ly(S4"1(R))

can be written as

d

f Z flkY with flk <fY>L2 SI-1(R)) ’

=0 k=1

then if f is twice continuously differentiable, or if it satisfy

Z)\lZflkYk < 00,
=0
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then the Fourier coefficients rapidly decaying in [. Here )\; is the eigenvalue corre-
sponding to H;. In other words, we can consider the function f smoother if it has
more rapidly decaying Fourier coefficients. Hence, the space Ny, (S?!(R)) can be
considered as a space of functions that having less smoothness than the functions

in the space T'(Ly(S*}(R))), since Toan < gz for sufficient large n.

(Ana
Theorem 6.14. Let s;y be the ¢ spline mterplant to f € Npo(S*1(R)) on the
point set Y C ST (R) where hy gi- 1r) < 1/(2N), for some fized N € N. Suppose
that Y, o dnan Ay < co. Then for f € NA@(Sd L(R)) and for all x € S1(R),

|f(2) — spy(7)] < (1+2E)? (Zd an)\2> (Zdnan> | f1l A5

n=0 n>0

for some constant E.

6.4 Improved Error Bound for Radial Interpola-

tion on Complex Sphere

This section is devoted to generalising the improved error for radial interpolation
given in [7], which considers the real sphere, to the complex sphere. The essential
fact in this section is on considering the space C? as a 2d dimensional real vector
space. Thus the process given here is similar to a large extent to those in the real
sphere case, with simple changes occuring due to using Bernstein’s inequality in
the complex sphere. Here the normalised Lebesgue measure on S971(C) is denoted

by dpiza.

Let d(w,z) = cos™'(Re(w, z)¢) denote the geodesic distance between z and y
where Re{w, z)¢ is the real part of the inner product. Let X C S?(C) be a finite
set of points, and the fill distance of X on S?1(C) will be given by

h=hyxsi-1cy= sup mind(z, w).
e zesd-1(C) WEX

Consider the ¢-spline interplant to a function f in the form

SfX' jg:(1w¢> UYZ
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where the function ¢ is a univariate function and the interpolation conditions

srx(w) = f(w) for we X.

According to the results given in the previous sections, the function ¢ is positive
semi-definite if it can be written as a sum of the disk polynomials with nonnegative

coefficients, i.e.,

p(d(w, z)) = Wi REZ(Z) =D Y ansRe2(2),
n=0 k=0 1=0 ktn=I

where a, > 0, Z(n kN2 ng < 00 and 2z’ = (w, z)c. Therefore, because of the

result (4.4), the function ¢ is positive definite if it has the form

o0

o(d(w, z)) = ZalC’l(d_l)(Re<w, 2)c) = ZalCl(d_l)((w,z>R), a; > 0, Zal < 00,
1=0

=0 =0

where (w, z)g is the usual real inner product of the points w and z as points in

the real sphere S*(R).

The function f € Ly(S™(C)) = @, , Hn, can be expanded in the form

f(2) = Tuf(2),
n=0
where

Tuf(2) = (CYV ((w, 2)m), f(w)) 1y(si-1m) = /S e Fa)CED (w, 2)r)dppna(w).

From [38], we get

1Tl si-10)) < Vdul|Tnf | aysi-1(cyy, for all f € Ly(ST1(C)). (6.5)

The native space for ¢ is defined by

NS (R)) =  f € Lo(S™1(C) : £l = (Z ”TanLQ(Sdl(@)y -y

a
n>0 n
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where the ¢ inner product defined in Ly(S?**(C)) is given by

_ i (Tt Tng) Ly(si-1(0))

G,

(f.9),

n=0

Before we start our analysis, we will show the Pythagorean property, see e.g., [7].

Proposition 6.1. Let sy x be the p-spline interplant of f on the point set X C
STYC). Then, for all f € N,(S*}(R))

(a) (f —spx:spx),=0,
(0) 115 = If = spxllZ + llszxl2.

Proof. Since we have

(f = srx, Sf,X)Sp = (/, Sf,X)SD — (s7.x, Sf,X)(p-

Then from the properties of reproducing kernels in Hilbert spaces we get

(f = spxsspx), = Y @ (fro(dw, ), = D @ (spx(), pld(w, ),

weX weX
= Z%f(w) - Z g, x (W)
= > @f(w) =Y ayf(w) =0,
weX weX

since f(w) = sy x, for all w € X. For the second result of the proposition, using

the first result we get

If =sexly = (f=spx, f=s5x), = (f —s5x:f),
IFIZ = (spxs £y = 115 = NlspxI2,

since (sy.x, f), = |ssx]|%. Therefore,

LAIG = 1 = spxllg + llspxllf. O
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We also here assumed for some s > 0 a pseudo differential operator A on S4~1(C)

which is defined for the homogeneous space H,, as
Apn = )\npna Dn € Hna )\n = (n(2d+ n— 2))3’

which satisfies Bernstein’s inequality given in [33],

1Aplloe < en®[Iplle, p € Ty = ED Hi (6.6)

1=0
for some constant ¢ independent of n.

Proposition 2.2 in [7] details the error when applying pseudo derivatives on so-
lutions to the interpolation problem. It is also true for the complex case, with
a little change regarding conjugate sign, since the proof depends on only the in-
terpolation conditions. Therefore, this estimate is given in the following corollary

without proof.

Corollary 6.3. Let sy x be the @-spline interplant to f € N, (Sd_l((C)) on the
point set X C STY(C). Let A be a pseudo differential operator. Then for each
z € S1(C)

IA(f = spx)(2)] < inf sup [Av(2) = p@)I[f = s7xlle-

ex*
HE2 e, (s1(0)) vl =1

Here X* denotes the span of the point evaluation functionals supported on X,

where the point evaluation functional is given by

X* = span {Sx(-):IGX}:spcm{ZTn(-)(x):xGX}
= {U : U(f) = Zaw < Tn(f)(m) , Ay € C}
= {U;v(f):z%m,axe(f}.
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Proposition (2) in [26] gives an important result on the linear functional on the

real sphere based on the fill distance hygs-1(r). Considering C? as a real 2d-

dimensional real vector space with hx gi-1(r) = hxgi-1(c) and Si(p) = p(z) for all

p € T, this result remains true on the complex sphere S 1(C). The following

lemma is a special case of this result.

Lemma 6.2. Let X be a finite set of points with fill distance hx gic) < 1/(2N)

for some N € Z,. Then, for any linear functional v on Ty with

sup vl <1,
PETN Pl sd—1(c))=1

there is a set of real numbers {l,}yex with Y |lo| <2 such that

=Y Lp(x), foral peTy.

zeX

Define the linear functional v, for z € S*"}(C) by

Ap(z)
CNQS ’

V.p = for all p e Ty.

Then by Bernstein’s inequality 6.6, for any p € Ty,

Ap(z)
CN25

[ADllo

~N CNQS < ||19||OO =1

1V.p| = ‘

if ||p|lcc = 1. Then there is a set of real numbers {l,},ex such that

VP = Z lmp('x)a

zeX
where >+ |l.| < 2. Hence we have

Ap(2) = Y LeN*p(x) = coplx), forall p € Ty,

zeX reX

where ¢, = [,cN?* and

Z |ca| < 2eN*.

zeX

(6.7)

(6.8)
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The next theorem is the first main theorem of this section which is similar to the
result given in [7], and we will follow the same stages of its proof but with simple

changes occuring using Bernstein’s inequality for the complex sphere.

Theorem 6.15. Let sy x be the ¢ spline interplant to f € N, (Sd_l((C)), on the
point set X C S 1(C) where hygi-1cy < 1/(2N), for some N € Z. Suppose

that
Z dn)\ian < 00.

n=0

Then, for z € S™1(C)

1/2
IA(f = spx)(2)] < (1+20) (Z d Van> If = srxlle-

n>N

Proof. Let {c;}zex be the coefficients given in (6.8), and let v € N, with ||v]|, = 1.
Then from (6.7) and (6.5) we get

Mg? |Av(z) — p(@)] < Z (ATnv(z) — Zcanv(x)>‘

n>0 zeX

- Z()\TU - Tl )'
n>N zeX

< Z A Thv(z) — Z cxTnv(z))|
n>N zeX

< D (An+ > |cx|) 1Tl e g1
n>N zeX

<2 (An +2 rcx1> VTl a1 oy
n>N zeX

=

2
< (X (An 3 |cx|@a:/2)

n>N rzeX

2

(Z( 2PN T | g s 1(@)))2>

X
n>N
1
2\ 2
< Z <>‘n + Z |cz| v dna}/Q) ||U||so
n>N zeX
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by Hélder’s inequality. Then with ||v]|, =

inf
peEX™

Av(z) — (D] < (Z (A + 20N%)? d) 7

n>N

since Ay = (N? + (2d — 1)N)* > N?*. Then we get

inf
peEX*

Av(z) — p(@)] < (Z ()\n+20)\N)2dnan>

n>N

[N

N

(Z (A + 2¢M0)° dnan

n>N

1
= (1+2¢) (Z A2d an>

n>N

for all v € Ny, ||v||, = 1. Thus

|=

inf  sup  |Av(z) — p(@)| < (14 2¢) (Z Avd an) ;

X*
HEXT veN,|lv)lp=1 n>N

and from Corollary 6.3

1/2
IACS = s7x)(2)] < (1+20¢) (Zd AQan> If = sexlle- O

n>N

Under the same hypotheses of the above theorem, we have

1/2
IACF = spx) | Lai-1(cy) < (1+20) (Zd A%) 1f = sp.xlle-

n>N

Notice that when the points in X become more dense, or hygi-1(cy — 0, the
variable N will increase so that Y. _.d,A2a, — 0, which leads to [|[A(f —
57.x)(2)||Lyi-1(cyy =+ 0. The next theorem gives double error estimates by adding
another term ) _ \ d,a, for functions on a subspace of the native space which
have smoothness more than the typical function and less than double smoothness

on the complex sphere. This theorem is a generalisation of the main result in [7]
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which considers the real sphere. The proof is again the same and depends on all

the facts given before.

The new native space is given by

) 1T, e |
Nagine =3 f € N, (8° 1<<‘c>):r|f|ww=<2 B ) <

n=0

Theorem 6.16. Let s5x be the ¢ spline interplant to f € N, (Sdil((C)), on the
point set X C S¥1(C) where hxsic) < 1/(2N), for some N € Z,. Suppose that

Z dn)\flan < 0.

n=>0

Then, for f € Nagsry and z € S1(C)

1/2 1/2
|(f = sx)(2)] < (1+2¢)? <Zd Van) (Z dnan> [f [ apeng-

n>N n>N

Proof. Using the Pythagorean property in Proposition 6.1 and Cauchy Schwarz

inequality, we have

If =sexl? = (f =s5x:f),
= Za;1<Tn(f_Sf,X)anf>L2(Sd*1((C))

n=0
1
2
< (Z MITa(f — Sf,X)“%z(Sd‘l((C)))
n=0
1
2
x (Z()\nan)_2||Tnf||%2(Sd1(((:)))
n=0

= NIAL = sl zase-1@p 1 ageae

1/2
< (1+2) (Zd A) 1f = socllolflapeas:

n>N

Therefore,

1/2
Hf_SfXHLp 1+2C (Zd /\2an> ||fHA<P*A<P’

n>N
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and hence from Theorem 6.15 when A\, = 1 for all n

1/2 1/2
[(f = spx)(2)] < (1+20)° (Zd A2an> (de) [Fi[rvmes

n>N n>N

for some constant ¢ independent of n. O



Conclusion

This thesis has focused on orthogonal polynomials and spherical harmonic func-
tions in the Euclidean space. It includes a presentation of some results describing
the approximation of multivariate functions in spheres by spherical polynomials.
In particular, we attempted to study different aspects of approximations on the

complex sphere from the geometric point of view.

This work has been initiated by studying the connection between zonal polynomi-
als and harmonic functions on the unit sphere and using this connection to present
new proofs of the generating functions of Jacobi polynomial and its special cases.
The main result of Chapter 4 is the integral formula, Theorem 4.6. This was new
to us and we arrived at it after studying the zonal kernels function in the complex
projective space and real space. Later, we found out that this result has been
proved before by Dijksma and Koornwinder [15], for more general cases. Further,
in Chapter 4 we gave a new representation for the left hand side of well known
formula for generating function for Jacobi polynomial in term of associated Leg-
ender function. This result was inspired by a proof approach of Jacobi generating
function in the special case a € N, § = 0 which based on the integral formula,
Theorem 4.6.

In the second part of this work, we investigated the m-term approximation which
is a highly nonlinear method of approximation. We get order sharp estimates
of m-term approximation, for functions on Sobolev’s spaces, which are based on
Bernstein’s inequality and geometric properties of Euclidean spaces. In particular,
we show that in the case of Sobolev’s classes it is not possible to improve the rate
of convergence in Ly, 1 < ¢ < p < oo using m-term approximation instead of

linear polynomial approximation.

The final part of this thesis has been devoted to studying interpolation by radial
basis functions and studying the error estimates. The improved error in [7] for

functions in the real sphere raises questions concerning the improved error for

137
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functions on the complex sphere. The last section of Chapter 6 has been very
successful in addressing this problem. We generalised the improved error estimate
for radial interpolation given in [7], which consider the real sphere, to the complex
sphere. The essential fact in this section considers the space C? as a 2d dimensional
real vector space. Thus the process given is similar to a large extent to those in the
real sphere case, with simple changes occuring due to using Bernstein’s inequality

in the complex sphere.
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